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This dissertation details our experiments of measuring the mass of op-

tically trapped microspheres and suspended diaphragms using their Brownian

motion.

The optically trapped microsphere is immersed in air and two differ-

ent mass measurement methods are investigated based on fluctuations about

thermal equilibrium. The first method is based on spectral analysis, which

allows us to determine the relevant experimental parameters and also serves

as a calibration step for the second method. The second method is based on

the equipartition theorem and allows for rapid mass measurement.

A new method for measuring the effective mass of suspended diaphragms

is presented by combining laser Doppler vibrometry and Brownian motion

power spectral density analysis. By analyzing the relation between the fun-

damental resonant frequencies, the mode shape and the total mass of the
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diaphragm can be determined without the need for prior knowledge of its me-

chanical properties. This technique provides a precise and efficient method

for evaluating the mass of suspended diaphragms for real-life applications in

a time-dependent way.
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Chapter 1

Introduction

Brownian motion refers to the random motion of microscopic objects

suspended in a 
uid. It was named after Robert Brown who �rst reported

the observation of the irregular and persistent motion of pollen grains im-

mersed in water through a microscope [1]. In 1905, Einstein gave a theoretical

explanation that the Brownian motion is caused by the thermal motion of

the molecules in the 
uid and predicted that the average displacement of the

particle �x is proportional to the square root of timet as [2]

�x �
q 


[x(t) � x(0)]2
�

=
p

2Dt : (1.1)

Here D = kBT=
 is the di�usion constant, where kB is the Boltzmann con-

stant, T is the temperature and
 = 6��R is the Stokes friction coe�cient

for a sphere with radiusR. Marian von Smoluchowski independently derived

Eq. (1.1) from a di�erent perspective in 1906 [3]. In 1908, Paul Langevin ap-

plied Newton's second law to solve the Brownian motion of the particle [4] and

derived what is now known as the Langevin equation. Shortly after in 1909,

Jean Perrin conducted experiments verifying Einstein's theory of Brownian

motion [5], which provided experimental evidence for the existence of atoms

and molecules and allowed for the measurement of Avogadro's number.
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At long time scales, the particle's Brownian motion can be explained

very well by Eq. (1.1). This regime is called the di�usive regime where the

trajectories of the Brownian particles are continuous everywhere but not dif-

ferentiable anywhere [6]. Since velocity is de�ned as the time derivative of the

displacement, Brownian particles therefore do not have well-de�ned velocities

in the di�usive regime. However, the average velocity over timet can still

be expressed as �v = x=t =
p

2D=t according to Eq. (1.1), which diverges to

in�nity as t goes to zero.

In 1907, Einstein developed the theory to address this divergence prob-

lem by considering the instantaneous velocity of Brownian particles at short

time scales where the motion of the Brownian particle is ballistic and domi-

nated by its inertia [7]. However, Einstein predicted that it would be impos-

sible to measure the instantaneous velocity of a Brownian particle due to the

rapid exchange of thermal energy between the particle and the 
uid resulting

in small displacements of the particle over short time scales. After more than

a century since Einstein's prediction of the instantaneous velocity, our group

successfully measured the instantaneous velocity of optically trapped Brown-

ian microspheres both in air [8] and liquid [9] after achieving sub-nanometer

spatial resolutions and microsecond temporal resolutions.

The previous research from our group provides the necessary founda-

tion for us to develop two approaches for accurately weighing a microsphere

that is optically trapped and at thermal equilibrium in air. The �rst method

is based on spectral analysis, which allows us to simultaneously determine the
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relevant experimental parameters and also serves as a calibration step for the

second method. The second method relies on the equipartition theorem and

enables rapid mass measurement of the microsphere. Both of these methods

are described in detail in Chapter 4.

After calibrating our system using the method described in Chapter

4, we can use the optically trapped microsphere as a high-bandwidth acous-

tic detector, as detailed in Reference [10]. This is a step towards develop-

ing a quantum-limited acoustic detector, which has potential applications

in detecting the Bragg peak in proton therapy for cancer treatment [11{13]

and in detecting acoustic waves in bubble chambers used for dark matter

searches [14{16]. Currently our optical tweezer setup is large and not portable;

therefore, we are also researching applications of suspended two-dimensional

(2D) diaphragm technology to create a more portable acoustic detector.

The study of suspended 2D diaphragm dynamics has been a grow-

ing area of research in the past decade. The micro-sized suspended thin di-

aphragms have been shown to have fundamental resonant frequencies in the

MHz regime [17], leading to a low thermal noise 
oor and a wide detection

bandwidth. Additionally, suspended 2D diaphragms feature a high aspect ra-

tio and an extremely small mass due to their ultra-thin pro�le, yielding a high

sensitivity transducer. In many cases, the Brownian motion of the suspended

diaphragm is used as a tool to calibrate the system, known as thermomechan-

ical calibration [18, 19]. This calibration method requires knowledge of the

e�ective mass of the diaphragm, which depends on the total mass and the
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resonant mode shape of the diaphragm [18].

The most intuitive way to measure the total mass of the suspended

diaphragm is to use its dimensions in the 2D plane, thickness and density

to directly calculate the total mass. Scanning electron microscopy (SEM)

can accurately measure the planar dimensions of the diaphragm, whereas the

thickness can be determined via an atomic force microscope (AFM), Raman

spectrum, etc [19]. However, the suspended 2D material's ultra-thinness makes

it very sensitive to contamination, which can a�ect the thickness, density and

other mechanical properties of the diaphragm [20,21].

The resonant mode shapes of the suspended diaphragm are also very

important properties for analysis. Not only do they determine the ratio be-

tween the e�ective mass and the total mass of the diaphragm [18], they are

also related to the calibration of the measurement. For example, when using

a focused laser beam to detect the out-of-plane motion of the suspended di-

aphragm, the readout signal is a weighted average of the de
ection over the

size of the focal spot of the laser beam. When the out-of-plane motion of the

suspended diaphragm is primarily determined by either the surface tension or

the bending rigidity of the diaphragm alone, there are analytical solutions of

the resonant mode shapes [18, 22]. However, no analytic expressions of the

mode shapes can be found in the intermediate region where both the surface

tension and the bending rigidity need to be included [23]. In Chapter 5, we

(independently) develop a method that uses the measured �rst fundamental

frequency to numerically solve the mode shapes of a suspended circular di-

4



aphragm with known dimensions, thickness and mechanical properties related

to the bending rigidity but an unknown surface tension. Other numerical so-

lutions from di�erent approaches are presented in References [24, 25]. The

downside of these methods is that they require physical and mechanical prop-

erties of the diaphragm that are susceptible to change due to contamination

of the diaphragm [20].

In this dissertation we demonstrate a weighing method to �rst measure

the e�ective mass of a suspended diaphragm with laser Doppler vibrometry

that directly reads out the displacement signal. Using a spectral method simi-

lar to that used to weigh the optically trapped microsphere, the e�ective mass

can be extracted. We then demonstrate a method that uses the �rst two reso-

nant frequencies to numerically determine the resonant mode shape as well as

the e�ective mass of the diaphragm. This method does not require the knowl-

edge of physical and mechanical properties that are a�ected by contamination.

Thus, it provides a possible means of studying suspended diaphragms in the

ambient environments. This weighing experiment is covered in Chapter 6.

This dissertation is organized as follows: In Chapter 2, the fundamental

theories of Brownian motion of optically trapped microspheres are reviewed,

which include the theories of Brownian motion and the principles of optical

tweezers. In Chapter 3, we cover the experimental setup used to trap and

detect the short-time Brownian motion of silica microspheres. This includes

the optical setup, the procedure to align the dual-beam optical tweezer, the

apparatus to launch silica microspheres and the detection system. Chapter 4

5



details published experimental results of weighing an optically trapped silica

microsphere in thermal equilibrium with air via two di�erent methods, which

are based on spectral analysis and the equipartition theorem, respectively. In

Chapter 5, we shift focus from single microspheres to suspended diaphragms

and present a theory for the Brownian motion of these structures. A theoretical

derivation of the transverse motion of the diaphragm that takes into account

both its bending rigidity and surface tension, under the assumption that the

diaphragm is free of contamination, is presented. In Chapter 6, we describe an

experiment to measure the Brownian motion of graphene diaphragms. This in-

cludes the setup of the experiment and the method we use to extract the mass

of the diaphragm from multiple resonant frequencies resulting from its Brown-

ian motion. In Chapter 7, we discuss our e�orts to develop a high-bandwidth,

quantum-limited acoustic detector. This includes the development of a high-

power balanced photodetector for use in optical trapping experiments and the

study of the Brownian motion of graphene diaphragms in ambient air. We

also propose a design for a portable acoustic detector based on a heterodyne

�ber interferometer with a graphene membrane.
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Chapter 2

Theoretical Background

In this chapter we will provide an overview of the fundamental theories

related to the experimental work covered in later chapters. First, the theories

of the Brownian motion of a single spherical particle will be discussed. In

Section 2.1.1 we introduce the Langevin equation that describes the Brown-

ian motion of a single free particle in a viscous 
uid [4,26,27]. Following the

method developed by George E. Uhlenbeck and Leonard S. Ornstein in Ref-

erence [27], the 
uctuation-dissipation theorem is derived from the Langevin

equation. We introduce a general method to study Brownian motion in Sec-

tion 2.1.2, which is based on the Kubo-Green formula [28{30] and the Wiener-

Khinchin theorem [31]. This method is then applied to speci�c examples in

Section 2.1.3, including a free particle and a trapped particle, to demonstrate

its use in solving speci�c Brownian motion problems and to also derive the

statistical tools to analyze Brownian motion.

Following the discussion of the theories of Brownian motion, we will

dive into the principle of optical tweezers. Optical tweezers utilize the ra-

diation pressure of focused light to manipulate microscopic objects, allowing

us to trap microscopic particles in a 
uid and study their Brownian motion.

The principle of optical tweezers will be introduced with a combination of an
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intuitive image, theoretical analysis and numerical results in di�erent regimes

which are determined by the size of the particle and the wavelength of the

laser.

2.1 Theories of Brownian motion

In this section, we will introduce the theories and analytic techniques to

study the Brownian motion of a particle in a viscous 
uid (with low Reynolds

number) at thermal equilibrium. For simplicity and consistency with our ex-

perimental system, we only focus on the Brownian motion of a particle in

one-dimension here but the results can be easily extended to higher dimen-

sions.

2.1.1 Langevin equation

The dynamics of a free Brownian particle with massm in a viscous


uid can be described by the Langevin equation [4,26,27]

m•x(t) + 
 _x(t) = Fth (t) ; (2.1)

wherex(t) is the position of the particle at time t. The drag force isFdrag =

� 
 _x(t) where
 is the Stokes friction coe�cient. If the particle is a sphere with

radius R and the 
uid has a viscosity� , then the Stokes friction coe�cient can

be expressed as
 = 6��R . The thermal force is expressed asFth (t) = �� (t)

where� (t) represents a normalized Gaussian white noise (GWN) with a zero-

mean


� (t)

�
= 0 and a � -correlated property



� (t)� (t0)

�
= � (t � t0). The
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brackets


�
�

denote ensemble averages over the realizations of� . Since the

auto-correlation function of a random process� (t) is de�ned as

C�� (t; t 0) �


� (t)� (t0)

�
; (2.2)

the � -correlation property of GWN can be re-written asC�� (t; t 0) = � (t � t0)

or C�� (� ) = � (� ) where � = t � t0.

The statistics of the Brownian motion of a particle depend on a very

important concept called the mean-squared displacement (MSD), which mea-

sures how much the position of the particle deviates from the starting point

after time t. The MSD is de�ned as

MSD(t) �


[x(t) � x(0)]2

�
: (2.3)

Based on the de�nition of the auto-correlation function above, the relation

between the MSD and the auto-correlation function of a stationary process is

MSD(t) = 2 ( Cxx (0) � Cxx (t)) : (2.4)

If the initial condition of the particle is x(0) = x0 and v(0) = v0 at

time t = 0, where x0 and v0 represent the initial position and velocity of the

Brownian particle, respectively, we can obtain the velocity of the Brownian

particle at time t by integrating Eq. (2.1) over time:

v(t) = v0e� 

m t +

�
m

e� 

m t

Z t

0
� (t0)e



m t0

dt0: (2.5)

Averaging over the ensemble of particles and using properties of� (t) mentioned

above, we can write the mean of the velocity as simple expression



v(t)

�
= v0e� 


m t : (2.6)
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So, the averaged variance of the velocity of at timet is then [27]

� 2
v(t) =


�
v(t) �



v(t)

�� 2�
=

� 2

2m


�
1 � e� 2


m t
�

: (2.7)

We can easily see that whent ! 1 ,


v(t)

�
! 0 and � 2

v(t) ! � 2=2m
 . Based

on equipartition theorem, we have

� 2

2m

=

kB T
m

: (2.8)

Upon rearranging we can get

� =
p

2kB T 
 : (2.9)

This equation above links that magnitude of the thermal force to the dissipa-

tion, which is known as the 
uctuation-dissipation theorem.

2.1.2 A general approach to study Brownian motion

In this subsection, we will introduce a general and organized approach

to study Brownian motion. This approach will provide a standard procedure

useful for the analysis of the Brownian motion of particles.

2.1.2.1 Kubo-Green formula

Before introducing the Kubo-Green formula, let's �rst consider a linear

time-invariant (LTI) system taking an input X i (t) and giving an output Yi (t).

The linearity of the system implies that an input signala1X 1(t) + a2X 2(t) will

yield an output signal a1Y1(t) + a2Y2(t) when a1 and a2 are constants. The

time-invariance of the system means thatY(t + � ) is the output when the

10



input signal is X (t + � ) for any � , which implies that the output of the system

for a given input signal doesn't depend on the time.

The output signal Y(t) of the LTI system can be written as the convo-

lution of the input signal X (t) and an impulse responseh(t),

Y(t) =
Z 1

�1
h(t � � )X (� )d� : (2.10)

We can see from the equation above that when the input signal is a delta

function � (t), the output signal will be equal toh(t), which meansh(t) captures

the system's reponse to a impulse signal. Using the convolution theorem that

states convolution in the time domain becomes multiplication in the frequency

domain, we can express the output signal in the frequency domain as

~Y(! ) = ~h(! ) ~X (! ) ; (2.11)

where ~X (! ), ~Y(! ) and ~h(! ) are the Fourier transforms of the input signal, out-

put signal and impulse response, respectively. Since the cross auto-correlation

betweenX (t) and Y(t) is

CXY (t; t 0) =


X (t)Y(t0)

�
=

Z 1

�1
h(t0 � � )



X (t)X (� )

�
d�

=
Z 1

�1
h(t0 � � )CXX (t; � )d� =

Z 1

�1
h(� )CXX (t; t 0 � � )d� ;

(2.12)

we can obtain the auto-correlation ofY(t) as

CY Y (t; t 0) =


Y(t)Y(t0)

�
=

Z 1

�1
h(t � � )



X (� )Y(t0)

�
d�

=
Z 1

�1
h(t � � )CXY (�; t 0)d� =

Z 1

�1
h(� )CXY (t � �; t 0)d� :

(2.13)
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When X (t) is a stationary process and we let� = t0 � t, we have

CXY (� ) =
Z 1

�1
h(� )CXX (� � � )d� = ( h � CXX )( � ) ; (2.14)

CY Y (� ) =
Z 1

�1
h(� )CXY (� + � )d�

=
Z 1

�1
h(� � )CXY (� � � )d� = h(� � ) � CXX (� ) :

(2.15)

Combining the equations above, we can write

CY Y (t) = h(� t) � h(t) � CXX (t): (2.16)

This is a very useful equation that relates the auto-correlation function of the

output signal to the auto-correlation function of the input signal under the

assumption that the input is a stationary process. This will be used in the

Section 2.1.2.2 when talking about the Wiener-Khinchin theorem.

As mentioned in Section 2.1.1, the Brownian motion of a particle is

described by the Langevin equation [27], which is linear stochastic di�erential

equation. Therefore, we have a LTI system that can be described with the

formalism developed above.

The second important concept to mention before introducing the Kubo-

Green formula is the de�nition of admittance as

Y(! ) �
~v(! )
~F (! )

; (2.17)

where ~v(! ) and ~F (! ) are the Fourier transforms of the velocity of and force

exerted on the particle, respectively.

With the background knowledge established, the Kubo-Green formula
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can be introduced now. The Kubo-Green formula [28{30] connects the admit-

tance to the velocity auto-correlation functionCvv(t) in a equilibrium system

as

Y(! ) =
1

kB T

Z 1

0
ei!t Cvv(t)dt : (2.18)

BecauseCvv(t) is real at any time t, we see that

Y� (! ) = Y(� ! ) : (2.19)

2.1.2.2 The Wiener-Khinchin theorem

Stochastic processes can be analyzed with an important statistical tool

known as the power spectral density (PSD), which is de�ned as [31]

S�� (! ) � lim
T !1

1
T

�
�
�
�
�

Z T=2

� T=2
dt ei!t � (t)

�
�
�
�
�

2

(2.20)

for a process� (t). For a stationary random process� (t), the Wiener-Khinchin

theorem [31] states that the PSD and the auto-correlation function form a

Fourier transform pair, that is

S�� (! ) =
Z 1

�1
ei!t C�� (t) dt ; (2.21)

C�� (t) =
1

2�

Z 1

�1
e� i!t S�� (! ) d! : (2.22)

Therefore we can write that the PSD of the velocity of the particle as

Svv(! ) =
Z 1

�1
ei!t Cvv(t) dt: (2.23)

Based on the property of the auto-correlation function thatCv(� t) = Cv(t),

the properties of the admittance Eq. (2.19) and the Kubo-Green formula Eq.
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(2.18), we can write the PSD of the velocity as

Svv(! ) = 2 kB T< [Y(! )] ; (2.24)

where< [Y(! )] represents the real part ofY(! ). Plugging Eq. (2.24) into Eq.

(2.22), we can express the velocity auto-correlation function as

Cvv(t) =
kB T

�

Z 1

�1
e� i!t < [Y(! )] d! : (2.25)

In order to obtain the PSD of the position of the particle, let's take

the Fourier transform of Eq. (2.16) and use the de�nition that the PSD is

the Fourier transform of the auto-correlation function. We see that in a LTI

system when the inputX (t) is a stationary process, the PSD of the output

signal Y(t) can be written as

SY Y (! ) = ~h� (! )~h(! )SXX (! ) = jh(! )j2SXX (! ) : (2.26)

This is a useful property of LTI systems when the input signal is stationary

and will also be used in Chapter 5 when deriving the PSD of a suspended

diaphragm due to their Brownian motion. Sincev(t) = _x(t), it is easy to show

after a Fourier transform that ~v(! ) = � i! ~x(! ). Using the relation of the PSD

of the output signal and the PSD of the input signal, we can get

Svv(! ) = ! 2Sxx (! ) : (2.27)

Therefore, the position PSD is

Sxx (! ) =
Svv(! )

! 2
=

2kB T < [Y(! )]
! 2

(2.28)
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and the position auto-correlation function is

Cxx (t) =
kB T

�

Z 1

�1
e� i!t < [Y(! )]

! 2
d! : (2.29)

From Eq. (2.27), we can also write the relation between the auto-correlation

function of the velocity and position as

Cvv(t) =
1

2�

Z 1

�1
e� i!t ! 2Sxx (! ) d! = �

d2

dt2
Cxx (t): (2.30)

The Wiener-Khinchin theorem can additionally be applied to connect

the PSD to the variance, which is also helpful to analyze Brownian motion.

For a stationary random process� (t), the variance can be written as

� 2
� =



(� (t) �



� (t)

�
)2

�
=



� 2(t)

�
�



� (t)

� 2
= C�� (0) �



� (t)

� 2
: (2.31)

When the mean of the process is zero, we have� 2
� = C�� (0). Using the Wiener-

Khinchin theorem, the relation between the variance and PSD can be expressed

as

� 2
� =

1
2�

Z 1

�1
S�� (! ) d!: (2.32)

2.1.3 Examples

In this section we will apply the formalism introduced earlier in this

chapter to analyze the Brownian motion of two scenarios: a free Brownian

particle and a trapped Brownian particle. In both examples we will derive

the PSD of position and velocity, the auto-correlation function of position and

velocity and the MSD.
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2.1.3.1 A free Brownian particle

As mentioned in the �rst section of this chapter, the Brownian motion

a free particle in the air can be described by a Langevin equation Eq. (2.1).

If we substitute v(t) for _x(t) in the equation, Eq. (2.1) becomes

m _v(t) + 
v (t) = Fth (t) : (2.33)

Taking Fourier transform of this equation, we can rewrite it as

� i!m ~v(! ) + 
 ~v(! ) = Fth (! ) : (2.34)

So, the corresponding admittance is

Y(! ) =
1


 � i!m
: (2.35)

Using Eq. (2.24), we can express the velocity PSD as

Svv(! ) =
2kB T 



 2 + m2! 2
: (2.36)

Applying the relation between the position PSD and the corresponding velocity

PSD, which is Eq. (2.27), we can get the position PSD as

Sxx (! ) =
2kB T 



 2! 2 + m2! 4
: (2.37)

Taking the reverse Fourier transform of the velocity PSD, the auto-correlation

function of the velocity can be written as

Cvv(t) =
kB T
m

e�j t j=� p ; (2.38)

16



where� p � m=
 is so called momentum relaxation time. Integrating the above

equation twice, the position auto-correlation function is obtained to be

Cxx (t) = �
kB T
m

�
� 2

p e� t=� p + At + B
�

when t � 0; (2.39)

Cxx (t) = �
kB T
m

�
� 2

p et=� p + A0t + B 0
�

when t � 0: (2.40)

Since Cxx is continuous, we can getB 0 = B. For a stationary process, we

also haveCxx (t) = Cxx (� t); therefore, _Cxx (t) = � _Cxx (� t), which means that

_Cxx (t) is an odd function and requires _Cxx (0) = 0. The other constants are

then solved to beA = � A0 = � p. Using the derived relations, the position

auto-correlation function is �nally

Cxx (t) = �
kB T
m

�
� 2

p e�j t j=� p + � pjt j + B
�

: (2.41)

So, the MSD of the particle fort � 0 is

MSD(t) =
2kB T

m

�
� pt � � 2

p

�
1 � e� t=� p

��
: (2.42)

From the equation above, we can see that at the long time scales wheret � � p,

the MSD reduces to

MSD(t) = 2 Dt ; (2.43)

where D = kB T=
 , which follows Einstein's prediction in 1905 [2]. At short

time scales whent � � p, the MSD simpli�es as

MSD(t) =
kB T
m

t2 ; (2.44)
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which describes the Brownian motion in the ballistic regime where Einstein

predicted the existence of the instantaneous velocity. For a Brownian parti-

cle at thermal equilibrium, the velocity distribution can be described by the

Maxwell-Boltzmann distribution as

f (v) =
r

m
2�k B T

exp
�

�
mv2

2kB T

�
: (2.45)

2.1.3.2 A trapped Brownian particle

In order to study the Brownian motion, especially in the ballistic regime

of the particle, we use a technique called an optical tweezer to trap the particle

in practice. The principle of the optical tweezer will be covered in Section 2.2.

The optically trapped particle experiences an additional trapping force beyond

the thermal force and the Stokes drag force that in
uences the Brownian mo-

tion. Assuming that the particle only wiggles around the center of the optical

trap and the displacements are small, the trap can be modeled as a harmonic

trap with a trapping force that's propotional to the displacement from the cen-

ter of the trap, Ftrap = � �x (t), where� is called trapping strength. Therefore,

the Langevin equation that describes the trapped particle with this additional

force is

m•x(t) + 
 _x(t) + �x (t) = Fth (t): (2.46)

This is equation essentially describes a thermally driven damped harmonic

oscillator with an oscillation frequency! 1 =
p

! 2
0 � (2� p)� 2 where! 0 �

p
�=m

is the undamped angular frequency. The system is under-damped when! 0 >
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(2� p)� 2, critically-damped when ! 0 = (2 � p)� 2 and over-damped when! 0 <

� 0=2. If we replace the _x(t) with v(t) in the equation and then take a Fourier

transform, the equation can be rewritten as

� i!m ~v(! ) + 
 ~v(! ) +
� ~v(! )
� i!

= Fth (! ): (2.47)

Therefore, the admittance is

Y(! ) =
1


 � i!m + i�=!
: (2.48)

Using Eq. (2.24), the velocity and position PSD are found to be

Svv(! ) =
2kB T 
! 2

(m! 2 � � )2 + 
 2! 2
; (2.49)

Sxx (! ) =
2kB T 


(m! 2 � � )2 + 
 2! 2
: (2.50)

Taking the reverse Fourier transform, we can obtain the velocity and position

auto-correlation functions when the system is under-damped to be

Cvv =
kB T
m

�
cos! 1t �

sin! 1t
2! 1� p

�
e� t=2� p ; (2.51)

Cxx =
kB T

�

�
cos! 1t +

sin! 1t
2! 1� p

�
e� t=2� p : (2.52)

The theoretical results ofCvv and Cxx for a silica microsphere with a radius

of 1:5µm at thermal equilibrium with ambient air at a temperature of 300 K

at atmospheric pressure are shown in Figure 2.1 and Figure 2.2, respectively.

So the MSD of the particle is

MSD(t) =
2kB T

�

�
1 � e� t=2� p

�
cos! 1t +

sin! 1t
2! 1� p

��
: (2.53)
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Figure 2.1: Velocity auto-correlation function of a trapped Brownian particle
with di�erent trapping strengths.

Figure 2.2: Normalized position auto-correlation function of a trapped Brown-
ian particle with di�erent trapping strengths. It is normalized to the variance
of the position of the Brownian particle.
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Figure 2.3: Mean squared displacement of a trapped Brownian particle with
di�erent trapping strengths.

The theoretical result of the MSD under the same condition as mentioned

above is shown in Figure 2.3.

Another approach to analyze the Brownian motion without using the

concept of admittance is to directly take the Fourier transform of Eq. (2.46)

~x(! ) = ~h(! ) ~Fth (! ) ; (2.54)

where~h(! ) is

~h(! ) =
1

m(! 2
0 � ! 2) + i
!

: (2.55)

Using Eq. (2.26), we can write the position PSD as

Sxx (! ) = j~h(! )j2Sth (! ) =
1

m2(! 2 � ! 2
0)2 + 
 2! 2

Sth (! ) : (2.56)

As mentioned before, the auto-correlation function ofFth (t) is a � -function

with a strength � 2. Since the PSD ofFth is the Fourier transform of the
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corresponding auto-correlation function, we can express the PSD ofFth as

Sth (! ) = � 2. Therefore, we can get the position PSD as

Sxx (! ) =
� 2

m2(! 2 � ! 2
0)2 + 
 2! 2

; (2.57)

Based on Eq. (2.32) which provides a way to calculate the variance of a signal

from the PSD, we can obtain the variance of the position signal as

� 2
x =

1
2�

Z 1

�1
Sxx (! ) d! =

� 2

2m! 2
0


: (2.58)

Using the equipartition theorem

1
2

m! 2
0� 2

x =
1
2

kB T ; (2.59)

we can get� 2 = 2kB T 
 , which is the same as what was derived in the �rst

subsection about Langevin equation. Therefore, the position PSD can be

written as

Sxx (! ) =
2kB T 


m2(! 2 � ! 2
0)2 + 
 2! 2

; (2.60)

which is the same as Eq. (2.50). Since the PSD is an even function of! , we

often will limit the range of ! from 0 to +1 in practice and use two times the

PSD as so called one-sided PSD. So the one-sidedSth (! ) and Sxx (! ) can be

written as

Sth (! ) = 4 kB T 
 ; (2.61)

Sxx (! ) =
4kB T 


m2(! 2 � ! 2
0)2 + 
 2! 2

: (2.62)

The corresponding one-sided velocity PSD is

Svv(! ) =
4kB T 
! 2

(m! 2 � � )2 + 
 2! 2
: (2.63)
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Figure 2.4: Position power spectral density of a trapped Brownian particle
with di�erent trapping strengths.

Figure 2.5: Velocity power spectral density of a trapped Brownian particle
with di�erent trapping strengths.
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The theoretical results of the postion and velocity PSD under the same con-

ditions mentioned above are shown in Figure 2.4 and Figure 2.5.

2.2 Principle of optical tweezers

Optical trapping utilizes radiation pressure which was deduced by James

C. Maxwell using his theory of electromagnetism in 1873 [32]. The �rst experi-

mental measurements of radiation pressure were reported by Pyotr N. Lebedev

in 1901 [33] and by Ernest F. Nichols and Gordon F. Hull in the same year [34].

With the invention of laser in 1960 [35], it became possible to focus the light

with high spatial and time coherence to a micro-sized spot and permit the

generation of large radiation pressures. Suppose a laser beam with a power

of P = 1:5 W and a wavelength of 1064 nm is directed to and totally re
ected

o� of a silica spherical microsphere with a diameter of 1µm. The laser would

exert a force ofF = 2P=c � 10 nN1 on the microsphere, which is 106 times

larger in comparison to the gravitational force experienced by the microsphere

(around 1� 10� 14 N).

In 1970, Arthur Ashkin reported the acceleration and trapping of a

micro-sized particle using the force of the radiation pressure from a focused

laser beam [36]. After further development Ashkin and his colleagues in 1986

reported the �rst experimental realization of optical trapping of dielectric par-

ticles from 10µm down to 25 nm in water by a single focused laser beam [37].

This is what now is known as an optical tweezer.

1c is the speed of light
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The optical force the particle experiences in an optical tweezer can be

decomposed into two types of forces: the (conservative) gradient force and the

(non-conservative) scattering force. The gradient force arises from the gradi-

ent of the intensity pro�le of the laser beam. It is a restoring force that points

in the direction of the gradient of the intensity and attracts the particle to the

center of the beam. The scattering force, on the other hand, results from the

momentum transfer from the photons to the particle as they are scattered or

re
ected by the particle. It points in the direction of laser propagation and

sometimes causes the position of the particle trapped in a optical tweezer to

shift downstream from the focus of the laser beam.

The optical force in an optical tweezer can be divided into three regimes,

depending on the size of the particleD and the wavelength of the laser� . These

three regimes are the ray optics regime [38] (D � � ), Rayleigh regime [39]

(D � � ) and Lorentz-Mie regime [40] (D � � ). In the following sections, we

will �rst provide an intuitive explanation of the principle of the optical tweezer

in the ray optics regime followed by a theoretical derivation of the optical force

in the Rayleigh regime. Finally, a numerical calculation in the intermediate

regime will be shown using Lorentz-Mie theory.

2.2.1 Ray optics regime

Ray optics is a useful approximation of light when the size of an object

D is much larger than the wavelength of the laser� . In this regime, the wave

properties, such as di�raction and interference, of the light are ignored and
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the propagation of the light is modeled in terms of rays.

To illustrate the idea of optical trapping, let us �rst explain the gradient

force, which is caused by photons refracted in the particle with the ray optics

approximation. Figure 2.6 shows a qualitative view of an optically trapped

spherical particle in the ray optics regime ignoring the surface re
ection from

the particle. At equilibrium, the particle is located at the focus of the laser

beam as shown in Figure 2.6 (middle). When the particle shifts away from

the focus in a direction that is perpendicular to the axis of the laser beam

as shown in Figure 2.6 (left), the outward directed beams are refracted along

the same direction leading to a restoring force that pulls the particle back to

the focus. When the particle moves away from the focus along the direction

of laser propagation as shown in Figure 2.6 (right), the outward laser beam

becomes more convergent. This causes the photons' momentum component

along the propagation axis to increase thus leading to a restoring force that

pulls the particle back towards the focus. The behavior is similar when the

particle moves axially against the direction of the propagation of the laser. To

summarize, the focused laser beam generates a restoring force that acts on the

particle in three dimensions, which is directed towards the center of the trap

and works to keep the particle trapped at the focus.

Next, we can consider the e�ect the scattering force adds to the

discussion above and study its e�ect on trapping the particle with the focused

laser beam. The scattering force originates from the surface re
ection of the

laser from the particle and pushes the particle in the direction of propagation
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Figure 2.6: The optical force on a trapped spherical particle in the ray optics
regime. The dark red arrows mark the direction the particle moves. The blue
arrows mark the direction of the restoring force. (left) The particle moves
laterally away from the focus. (middle) The equilibrium position with no
net force. (right) The particle moves away from the focus in the direction
downstream of the axis. Image courtesy of Tongcang Li.

of the laser beam [38]. In the case described above, the scattering force would

cause the particle to move away from the focus of the laser beam in the same

direction as the beam is traveling. Therefore, the gradient force in the axial

direction must be larger than the scattering force to form a stable trap for the

particle. A common way to increase the gradient force is to use an objective

with a high numerical aperture (NA), which will be shown quantitatively in

Section 2.2.3.

2.2.2 Rayleigh regime

When the size of the particleD is much smaller in comparison to the

wavelength of the laser� , analytical expressions can be derived for the scat-

tering and gradient forces exerted by the laser beam on the particle [37, 39].
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Below the result of Reference [39] is summarized for the case that a particle

with radius R and refractive indexnp is struck by a linearly polarized Gaus-

sian beam propagating in the ^z direction with power P, mode TEM00 and a

beam waistw0 at the focus located at the origin. Both the particle and the

laser beam are present in a medium with refractive indexnf . The intensity

distribution is

I (~r) =
2P

�w 2(z)
e� 2(x2+ y2 )=w2 (z) ; (2.64)

wherew(z) is the radius of the beam at a distancez from the waist, given by

w(z) = w0

s

1 +
�

z
zR

� 2

: (2.65)

Here the zR � �w 2
0=� is the Rayleigh length and� = � 0=nf is the laser's

wavelength in the medium with� 0 being the laser's wavelength in the vacuum.

The scattering force the laser exerts on the particle is

~Fscat(~r) = ẑ
128� 5R6

3c� 4
0

�
m2 � 1
m2 + 2

� 2

n2
f I (~r); (2.66)

wherem � np=nf is the relative refractive index de�ned as the ratio between

the refractive index of the particle and the surrounding medium. The gradient

force applied on the particle is then

~Fgrad(~r) =
2�n f R3

c

�
m2 � 1
m2 + 2

�
r I (~r) ; (2.67)

which creates a trapping potential

V(~r) = �
2�n f R3

c

�
m2 � 1
m2 + 2

�
I (~r) : (2.68)
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The net optical force the particle experiences is the sum of the scat-

tering and gradient forces. As mentioned above, the axial gradient force must

be larger than the scattering force to form a stable trap. Given the equations

above, we can discuss the e�ect some parameters of the particle or medium

have on forming a stable trap. Focusing �rst on the radiusR of the particle,

we see that the scattering force increases faster than the gradient force for

larger radii because the scattering force is proportional toR6 (Eq. (2.66)),

whereas the gradient force is proportional toR3 (Eq. (2.67)). So it is more

di�cult to ensure a larger axial gradient force when the particle is bigger. In

contrast, Eq. (2.68) shows that the trapping potential scales asR3 but the

average kinetic energy of the particle2 is independent of the particle size, so it

is also di�cult to trap the particle stably if the particle is too small.

According to Eq. (2.66) and Eq. (2.67), both the scattering and gra-

dient forces depend on the factor (m2 � 1)=(m2 + 2) which increases asm

becomes larger. Given the gradient force is linearly proportional to this factor

while the scattering force scales quadratically to this factor, this implies that

the scattering force grows more rapidly form > 1. As a result it is more chal-

lenging to trap a particle when there's a large mismatch between the index of

refraction of the particle and the medium [41]. For example, it is harder to

trap the same silica particle in air than in water when all other conditions are

the same, which is also one of the reasons a dual-beam con�guration of the

2The average kinetic energy of the particle iskB T=2 in one direction according to the
equipartition theorem.
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Figure 2.7: The optical force on a silica microsphere with a diameter of 3µm
in air along the axial direction. The force is exerted by a single focusing laser
with a total power of 100 mW.

optical tweezer is used in our experiment to trap silica microspheres in air.

The details of the setup will be discussed in Chapter 3.

2.2.3 Lorentz-Mie regime

In our experiment, the particles trapped have a range of radii of around

1:5µm to 2:5µm that are close to the wavelength of the laser (1064 nm). Par-

ticles of this size fall under the Lorentz-Mie regime [40] given the wavelength

of the laser. In this case, the optical force can be calculated through the

Lorentz-Mie theory, but due to the complexity of the theory, we will only

show the numerical results obtained by the computational toolbox developed

in Reference [40]. Here we present some simulation results of the optical force

exerted on a silica microsphere with a diameter of 3µm in air with 100 mW of

laser power at di�erent NAs using the Optical Tweezers Toolbox in Matlab.
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Figure 2.8: The optical force on a silica microsphere with a diameter of 3µm
in air in the radial direction. The force is exerting by a single focusing laser
with a total power of 100 mW.

Here we assume there is only one focusing laser beam propagating along the

ẑ direction.

The optical force along the axial direction is presented in Figure 2.7.

To establish a stable trap, the minimum optical force must be negative to

ensure that there is a restoring force in both directions axially. Therefore,

a high NA is essential to trap a silica microsphere in air with only a single

focusing laser beam as it ensures that the gradient force of the beam is greater

than the scattering force acting in the axial direction. The optical force in

the radial direction, shown in Figure 2.8, behaves more symmetrically as the

scattering force only a�ects the axial direction and causes a bias towards the

laser propagation.

31



Chapter 3

Experiment Setup

In this section we will cover the experiment setup used to study the

short-time Brownian motion of an optically trapped silica microsphere in air.

In order to trap a microsphere in air, a dual-beam optical trap is needed.

In Section 3.1 we �rst cover the optics setup of this dual-beam optical trap.

Speci�cally, we discuss the procedure to align the propagating and counter-

propagating beams in the dual-beam trap. In Section 3.2 we explain how silica

microspheres are launched into the trap. Finally, in Section 3.3 the detection

system is discussed, including the split-beam detection method and the data

acquisition system.

3.1 Optical tweezer setup and alignment

In order to trap a microsphere in air, the most straightforward way is to

attempt to use a single-beam optical trap. However, due to the large refractive

index mismatch between air and silica, trapping in air is quite challenging as

described in Chapter 2 as a result of the enhanced scattering force. According

to the simulation in Section 2.2.3, a high NA microscope objective is required

for a single-beam optical trap. The �rst experimental demonstration used an
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objective with an NA of 0.95 to trap a 5µm diameter glass sphere in a single-

beam optical trap with a laser power of 40 mW [42]. While possible, a high

NA objective has two speci�c drawbacks: a short working distance and a high

cost. Therefore, we chose a dual-beam con�guration for our optical trap since

it has a lower NA requirement and provides a longer working distance. These

bene�ts come at the cost of requiring careful alignment of the two counter-

propagating beams. In principal, the two laser beams should be exactly in

line with each other and focused at the same point. Misalignment will cause

the trapped microsphere to experience non-conservative forces that can do net

work on it [43, 44] and fall outside the formalism developed in Chapter 2. In

this section, we �rst describe the optics setup before discussing the alignment of

the dual-beam optical trap with the pinhole alignment method we developed.

3.1.1 Optical setup

Figure 3.1 shows a simpli�ed schematic of the optics setup. We use

an Innolite Mephisto laser that outputs continuous 1064 nm laser light for the

trapping and detection laser beams. The Mephisto is based on a monolithic

Nd:YAG crystal in a Non-Planar Ring Oscillator (NPRO) con�guration. It has

a maximum power output of 1:5 W, a beam divergence angle (half angle) of

2:3 mrad and a rms intensity noise less than 0:03 % from 10 Hz to 2 MHz. If the

\Noise Eater" mode is set to be active, intensity noise centered around 600 kHz

to 700 kHz will disappear compared to when the laser is free running. Output

power can be adjusted by tuning the injection current. However, in practice
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Figure 3.1: The simpli�ed schematic of the optical setup. The solid red lines
represent the 1064 nm laser from the Mephisto which is used for trapping and
detection. The solid pink line marks the HeNe laser (633 nm) used for imaging
the trapped microsphere. The split-beam detection system is depicted at the
bottom right of the image.
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we usually �x the injection current and instead adjust the power downstream

by tuning a half-wave plate (HWP) next to the laser so that power passing

through the polarizing beam splitter (PBS) can be changed. After the laser

exits the PBS, a telescope expands the size of the beam. In order to improve

the beam quality, a pinhole with a diameter 10µm is inserted at the focus of

the two lenses in the telescope to form a spatial �lter that removes the higher

order modes in the laser beam.

The laser beam is then split into two beams with the second pair of

a half-wave plate and a PBS. The s-polarized beam is re
ected by the PBS

and serves as what we call the forward beam and the p-polarized beam passes

through the PBS and serves as the backward beam. The backward beam passes

through an acousto-optic modulator (AOM) (IntraAction Corp ATM-801A6

AOM driven by ME-802 modulator driver) to introduce an 80 MHz frequency

di�erence between the forward beam and di�racted �rst order backward beam.

Ensuring that the polarizations of the forward and backward beams are per-

pendicular to each other in addition to the 80 MHz frequency di�erence helps

us avoid possible interference in the dual-beam trap. Two-mirror con�gura-

tions are placed in front of both the forward and backward beams to help

align them with the aspheric lenses (Thorlabs C330TMD-C) that form the

dual-beam trap. By walking the two mirrors, we can control the position and

orientation of both the forward and backward beams. The details about the

procedure used to align the dual-beam trap will be covered later in this sec-

tion. In order to monitor the power of the forward beam, a small percentage
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of the forward beam is re
ected by a beam sampler and measured by a photo-

diode (PF). For the backward beam a similar method is used to monitor the

total power via a photodiode (PB). Power of the backward beam that passes

through the dual-beam tweezer is also measured by a photodiode (PB'). After

the forward beam passes through the dual-beam optical trap, it is collected

for detection via a balanced photo-detector that will be covered Section 3.3 in

this chapter.

We also use a 633 nm HeNe laser with an output power around 4 mW

for imaging the microsphere trapped in the dual-beam optical tweezer. The

imaging beam is aligned to merge with the forward beam via a two-mirror

con�guration. One of the mirrors used in the two-mirror con�guration for the

forward beam is selected to be a dichroic mirror, which allows the imaging

laser to be transmitted and aligned with forward beam. Finally, a CMOS

camera (Thorlabs DCC1545M) is mounted on the side of the dual-beam trap

to collect the light scattered by the trapped microsphere.

3.1.2 Pinhole alignment

As mentioned at the beginning of Section 3.1, the dual-beam optical

tweezer requires a high degree of alignment. In this section we cover the proce-

dure used in our lab to align the dual-beam optical trap. Micro-sized pinholes

play a crucial role in the alignment procedure.

The setup of the dual-beam optical tweezer during the alignment pro-

cess can be found in Figure 3.2. Both aspheric lenses (Thorlabs E09RMS) that
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Figure 3.2: The setup of the dual-beam optical tweezer during the alignment
process with a pinhole placed between two aspheric lenses. Image courtesy of
Logan Hillberry.

form the dual-beam trap are installed in 
exure stage mounts from Thorlabs

(Thorlabs HCS013). The lens that focuses the forward beam is attached to

a custom aluminum block that �xes the orientation and position of the lens.

The other lens that focuses the backward beam is mounted on a 3-axis trans-

lation stage (Thorlabs MBT616D). A thin alignment pinhole can be inserted

between the two aspheric lenses via a second 3-axis translation stage (Thorlabs

NanoMax 300).

Aligning the dual-beam optical tweezer is mainly composed of three

steps. First, the two mirrors prior to the �xed aspheric lens are adjusted

to align the forward beam along the optical axis of the lens by focusing the
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forward beam without installing the backward beam's focusing lens and the

pinhole. A beam pro�ler (Thorlabs BP109-UV) is placed after the aspheric

lens to image the forward beam. When translating the beam pro�ler along the

beamline away from the focus of the forward beam, the alignment is consid-

ered optimal if we observe a clean Gaussian beam with a �xed center but an

increasing size. The second step is to install and align the backward beam's

aspheric lens on the 3-axis translation stage. Using the forward beam, optimal

alignment is achieved when the beam entering and exiting the two-aspheric-

lens system have the same size and the beam position stays stationary upon

translation of the lens along the optical axis. Likewise, the backward beam

can be also be aligned similarly with the other mirror pair to pass through

the two aspheric lenses so that the beam size of the backward beam stays the

same before and after entering the two-aspheric-lens system.

The �nal step to align the dual-beam tweezer requires insertion of a

micro-sized pinhole between the two aspheric lenses to ensure that the focii

are coincident. After installing the pinhole in the translation stage mount, its

position is adjusted to maximize throughput of the forward beam. We then

�x position of the pinhole and translate the backward beam's aspheric lens

to maximize the throughput of the backward beam. This process needs to

be done iteratively until reaching the maximum throughput of both beams.

Practically, it is easier to start with a larger pinhole with a diameter of 20µm

and then proceed to a smaller one with a diameter of 5µm after achieving

coarse alignment.
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3.2 Launching microspheres

In order to trap a microsphere in the optical tweezer, we use a method

that release a bunch of microspheres near the center of the trap. As the mi-

crospheres fall due to the gravity, one of them will be trapped by the optical

tweezer after a couple of attempts.

The microspheres used in the experiment are made of silica (Bangs

Laboratories SSD5001) and have an average diameter of 3:17µm. The St•ober

process is used to manufacture these types of microspheres [45]. The micro-

spheres are very spherical with a low dispersion of radius. The details about

the silica microspheres are covered in Chapter 4 when describing our results

of accurately weighing them. The silica microspheres are initially supplied as

a dry powder and are adhered to a glass slide via the van der Waals force

by painting them onto the slide. There are also van der Waals forces present

between each microsphere. The minimum required force to liberate a micro-

sphere from a 
at surface is [46,47]

Fsphere� f lat = 4�R � ; (3.1)

where R is the radius of the microsphere and � is the e�ective solid surface

energy. The minimum required force to separate two identical microspheres is

Fsphere� sphere = 2�R � : (3.2)

It is useful to note that the force required to separate two identical micro-

spheres is half of the force needed to remove a single microsphere from a 
at
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surface. This means that once we develop a method to e�ectively remove mi-

crospheres from a 
at surface, there is no need to worry about microspheres

still sticking to each other. It has been shown experimentally that it requires

88 nN to separate microspheres of 1µm in diameter [47]. It follows that it

requires approximately 176 nN to launch a microsphere o� from a 
at silica

surface according to Eq. (3.1) and Eq. (3.2). In our experiment we designed

a system to su�ciently accelerate the glass slide to release and launch the mi-

crospheres [48]. The required acceleration to launch a microsphere with mass

m from a 
at glass surface can be calculated based on Eq. (3.1) as

a =
Fsphere� f lat

m
=

3�
� sphereR2

: (3.3)

For a micro-sized silica microsphere, the required force to separate from the

slide is on the order of 107 to 108 m=s2.

We rebuilt the same setup used in our lab previously to launch the

silica microspheres [48], which is essentially a glass slide attached to an ultra-

sonic transducer depicted schematically in Fig. 3.3. The transducer consists

of a piezoelectric ring (APC International 70-2221) and a glass slide with a

thickness of 1 mm clamped between two copper plates. Both surfaces of the

piezoelectric rings can be viewed as electrodes. The surface that directly con-

tacts the copper plate is electronically grounded. The other surface which has

the glass slide serves as an insulator and is connected to the driving circuit.

The silica microspheres are applied to the edge of a cover slip which is epoxied

to the end of the glass slide.

The driving circuit we use to vibrate the slide attached to the trans-
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Figure 3.3: The schematic of the driving circuit (left side) to drive the ultra-
sonic transducer (right side). Image courtesy of Logan Hillberry.

ducer is the same one developed in our lab for previous tweezer experiments

in air [48]. Essentially the circuit shown in Figure 3.3 represents a high-power

pulsed generator. The two capacitors (8 mF, Digikey 338-1236-ND) are used

to store energy from a connected external voltage supply (TDK Lambda 300-

5). A high-power MOSFET (Vishay IRFPS40N50L) driven by a high-current,

high-speed MOSFET gate driver (Microchip TC4422) serves as a switch to

release pulsed current. The piezo ring manufacturer claims that the resonant

frequency of the device is approximately 344 kHz. In practice, the gate driver

is driven by a square wave with frequencies ranging from 342 kHz to 348 kHz.

These waveforms are generated by a Stanford Research Systems DS345 func-

tion generator.

The glass slide with silica microspheres is positioned above but very

close to the center of the trap. When the piezoelectric ring is activated, the
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Figure 3.4: A silica microsphere trapped in a dual-beam optical tweezer. The
silica microspheres are pre-applied on a cover slip that is brought very close
to the center of the trap. Upon ultrasonic vibration, some microspheres are
released and descend into the trap. The small red glowing dot observed in the
image is from a trapped microsphere scattering the imaging laser.

microspheres begin to detach from the slide and descend before one of them

gets trapped in the dual-beam optical tweezer. This process can be monitored

visually through an eyepiece as shown in Figure 3.4.

3.3 Detecton system

As mentioned above, the forward beam will be collected after passing

through the dual-beam trap to measure the Brownian motion. We use split-

beam detection to measure the short-time Brownian motion of the trapped

microsphere, which is shown in bottom right of Figure 3.1. The forward beam
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