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This dissertation details the development and implementation of novel
experimental techniques for cooling neutral atoms. Based on a method rst
proposed by Maxwell in a nineteenth century thought experiment, these tech-
niques reduce the entropy of an ensemble by allowing unidirectional trans-
mission through a barrier and thus compressing the ensemble without doing
work or increasing its temperature. Because of their general nature, these
technigues are much more broadly applicable than traditional laser and evap-
orative cooling methods, with the potential to cool the vast majority of the

periodic table and even molecules.

An implementation that cools in one dimension is demonstrated for
an ensemble of magnetically trapped rubidium atoms which are irreversibly
transferred to a gravito-optical trap. Analysis of the experimental results
con rms that phase-space is completely compressed in one dimension. The

results also indicate that the overall cooling performance is limited only by



the dynamics of atoms in the magnetic trap and may be improved with a

more ergodic system.

Three-dimensional cooling may be accomplished with a modi ed tech-
nique which substitutes a radio-frequency-dressed magnetic trap for the gravito-
optical trap. Application of this technique to atomic hydrogen and progress

toward building an experimental apparatus are discussed.
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Chapter 1

Entropy and Demons

...the notion of dissipated energy could not occur to a being who

could not turn any of the energies of nature to his own account,
or to one who could trace the motion of every molecule and seize
it at the right moment. It is only to a being in the intermediate
stage, who can lay hold of some forms of energy while others elude
his grasp, that energy appears to be passing inevitably from the

available to the dissipated state.

-James Clerk Maxwell, 1878 [1]



1.1 The Second Law of Thermodynamics

In the mid-nineteenth century, Clausius, building o the work of Carnot,
proposed the notion that, for any heat engine, there is a fundamental limit
to how much heat can be converted into work and how much must be re-
leased into a cold reservoir [2]. Clausius made his theory more explicit over
the years by de ning a thermodynamic state variable whose variation, in any
guasi-static process transforming a system from stat® to state B, goes as

ZBQ

S=Sg Sa=
B A AT

(1.1)

where Q is the inexact di erential of the heat Q and T is the temperature

of the system. For certain processes, termed reversible, this variation was
zero, but for all the others it was positive. He designated the state variable

S entropy. It is a straightforward exercise to show that in any cyclic process

which produces work (such as that of a heat engine),
S= = O (1.2)

This is the venerable Second Law of Thermodynamics{that entropy never
decreases{and it has been regarded by many as holding \the supreme position

among the laws of nature." [3]

With the advent of the atomistic picture of matter and the develop-
ment of the theory of statistical mechanics in the 1870s, a more precise and
simultaneously more curious de nition of entropy was derived by Boltzmann

[4]. It related the entropy of a gas to the number of possible con gurations



Figure 1.1: With the hole in the barrier betweenA and B open, Systemi
can evolve to System| after enough time. However, if the hole is closed in
I, then I, the entropy S, < S, and a macroscopic violation of the
Second Law has occurred.

that gas could be in, and it can be written succinctly:
S=kgln ; (1.3)

wherekg is Boltzmann’s constant and is the number of microstates accessible

to the system.

In light of the fundamental postulate of statistical mechanics{that a
system in thermal equilibrium is equally likely to occupy any one of mi-
crostates consistent with its macrostate [5[{it became apparent that the Sec-
ond Law could only hold statistically. Indeed, the observation of Brownian
motion of pollen grains suspended in water soon demonstrated that transi-
tory violations of the Second Law were possible [6]. However, violations on a

macroscopic scale are ruled extremely improbable.

To see this, consider the vessel shown schematically in Figure 1.1. It



is divided into two identical chambers,A and B, by a barrier with a hole in
the center. Imagine two scenarios: Systefinwhere an ideal gas of N atoms
is evenly distributed between the two chambers, and Systemh where the
same gas occupies only Chambéy. It should be immediately obvious that
the number of microstates accessible to Systelms twice that of Systemll . It
follows then, from Equation 1.3, thatS; S, = NkglIn2> 0. This could be
shown alternatively using the Sackur-Tetrode equation, which gives an explicit

expression for the entropy of a monatomic ideal gas:
n ! #

V 4mu *? 5
= _ + — )
S= Nkg In N AN 5 (1.4)

whereV is the volume occupied by the gagn is the atomic mass,U is the

internal energy of the gas, and is Planck’s constant.

If the hole in the center of the barrier is left open, ther and Il are mi-
crostates of the same macrostate, and 8 = S;;. Thus there is some non-zero
probability that System | will spontaneously compress entirely into Chamber
A . By simply closing the hole at this point, entropy is reduced. But a simple
calculation [7] shows that, for one mole of hydrogen atoms at room tempera-
ture in a box with 1 meter sides, it would take on the order of 0% times the
age of the universe before such a compression would spontaneously occur. It
would be an understatement to say that the Second Law of Thermodynamics

is e ectively safe from this type of macroscopic violation.



1.2 Maxwell's Demon

Contemplating the statistical nature of the Second Law, Maxwell penned
a letter to his colleague Tait in 1867. In the letter, he proposed a thought ex-
periment with a \very observant and neat- ngered being" that could lower the
entropy of a gas in a simple way [8]. Later christened ‘demons’ by William
Thomson [9], these creatures and their interpretation have been a source of

agitation and debate for over a century.

1.2.1 The Demon

Although Maxwell's rst conception of the demon was of an intelli-
gent being that could sort gas molecules according to their velocities, he sub-
sequently described a less intelligent being that lowered entropy simply by

functioning as one-way valve. Figure 1.2 illustrates this demon.

As in the scenario illustrated in Figure 1.1, a gas of atoms (or molecules)
is contained in a two-chambered vessel. Here, a hole in the barrier dividing
this box may be opened and closed with a massless gate. The demon observes
the atoms and operates the gate and allows atoms to pass fr@nto A but
not from A to B. No work is performed operating the door, yet the gas is
compressed to half its volume. The upshot is a reduction of entropy, evident

from Equations 1.3 and 1.4, in clear violation of the Second Law.



Figure 1.2: Maxwell's pressure demon lowers the entropy of a gas by allowing
atoms to pass unidirectionally through a gate. Though no work is done in
operating the gate, the gas occupies a smaller volume with reduced entropy
after some time has elapsed.

1.2.2 Exorcisms

Ever since the introduction of the demon, physicists have fought to
save the Second Law from it through various ‘exorcisms.” The most common
approach has been to naturalize the demon, assume the Second Law holds,
and locate the missing entropy. In many respects, this tradition began in 1929
with Szilard’'s one molecule heat engine [10], his own incarnation of Maxwell's
demon. Szilard emphasized that, in order to operate, the demon must make
a measurement and glean information from the molecule. This measurement,
he claimed, was invariably accompanied by an entropy increase that would

compensate for the decrease in the entropy of the molecule.

Building o of Szilard’s work, Brillouin [11,12] and Gabor [13] ana-

lyzed in detail the entropy costs associated with using light as a measurement



device. Later, Bennett would show that certain measurements can be made
isentropically [14]. A physical demon, however, must store the results of this
measurement in a nite memory. At some point, the memory must be erased,

and there is an unavoidable entropy cost associated with this erasure [15].

All of these exorcisms imply an intrinsic link between information and
thermodynamic entropy. This interpretation seems natural today in light of
the theory of information developed by Shannon [16] and Jaynes [17]. Even
Lewis stated in 1930 that \gain in entropy always means loss of information,
and nothing more" [18]. Yet many have contended that the arguments invoking
information theory to exorcise the demon are circular and unnecessary, merely
a reframing of the Second Law using the formalism of information theory
[19{21]. Indeed, if one assumes from the outset that the demon is governed
by the laws of thermodynamics, then there is no need to make any further

suppositions to save the Second Law.

To this day, there is considerable controversy and debate as to whether
the demon has been satisfactorily exorcised, largely due to the disparity of
proposed demons and disagreement over various assumptions fundamental to
their operation and interpretation. While it is surely a worthwhile pursuit
to resolve the controversy for a deeper understanding of thermodynamics and
information, proxies for the demon (i.e., experiments which operate in close
resemblance to the original demon but do work, dissipate energy, or fail to vi-
olate any laws) have been realized that stochastically cool particles circulating

in accelerator rings [22, 23], create Brownian ratchets [24], and cool gases of



neutral atoms [25]. The last example is the subject of this dissertation.

1.3 The Atomic One-Way Valve

Proposals for physical implementations of atomic one-way valves began
in 2005 with a conceptual paper by Raizeet al. [26]. A related concept for
the recti cation of atomic currents was independently developed and proposed
soon after this paper was submitted for publication [27]. The proposals were
advanced and studied in a series of papers [28{31], and in 2008 the rst one-
way valve was demonstrated experimentally by the Raizen Group [32]. An
alternate implementation of the valve was demonstrated shortly thereafter by
a separate research group [33]. Subsequently, the compression limit of the valve
has been analyzed and reached [34], and its application toward molecules has

been discussed [35].

1.3.1 Implementation

The asymmetric nature of the one-way valve necessitates a non-Hermitian
Hamiltonian due to the reversibility of microscopic laws. This may be accom-
plished by the irreversible dissipation of energy into an external reservoir, ide-
ally one which has negligible interaction with the system under consideration.
All implementations of the one-way valve cited herein meet this requirement
through the irreversible and spontaneous scattering of a single photon to the
environment. This photon e ects a change in the atom'’s internal state, result-

ing in a di erent potential landscape that prohibits reverse motion. A precise



time

® “hot” atom
® “cold” atom

Figure 1.3: Maximizing entropy reduction with Maxwell's pressure demon in
a gradient con ning potential. (a) Maxwell’s original pressure demon allows
unidirectional passage through a barrier. (b) A gradient potential with a
moving demon. (c) A collapsing gradient potential with a stationary demon.

description of this process will be given in Chapters 4 and 5.

Although the one-way valve is of interest from the standpoint of Maxwell’s
demon, a promising application is for its use as a cooling technique. Toward
this end, several slight modi cations can be made, with respect to Maxwell’s
original thought experiment, to maximize the entropy reduction. Using Equa-

tion 1.4, one can write the entropy reduction between two arbitrary states of



an ideal gas: " #
V Ui3=2

where the subscriptd and i refer to the nal and initial states, respectively.

j Si=jS  Sij= Nkgln ; (1.5)

The entropy reduction can thus be maximized by minimizing both the nal
volume V; and the nal internal energy U;. The method by which both of

these quantities are minimized is illustrated in Figure 1.3.

With Maxwell’'s original demon, the valve is located at the center of
a at potential. The internal energy is unchanged while the volume is com-
pressed by a factor of two, resulting if Sj = Nkg In2. However, by intro-
ducing a gradient potential and positioning the valve just beyond the classical
turning points of the most energetic atoms, two bene cial e ects can occur:
First, by slowly translating the demon (Figure 1.3b) or collapsing the potential
(Figure 1.3c), atoms transit the valve only when they are near their classical
turning points. In fact, by extending the translation or collapse time, the ratio
U =U may be made arbitrarily smalt. Second, the nal volume of the gas
is now dependent only on the residual internal energy. To the extent that
Us =U can be made arbitrarily small, so too carnv; =\{. The result is a nearly

complete reduction of entropy.

!Because each atom must scatter a photon as it transits the valve, this is not strictly
true. The photon imparts a small momentum kick on the atom, resulting in a minimum
achievable residual energy. This energy is typically negligible in the experiments described
in this dissertation, but it will be cited when relevant.

10



1.3.2 A Single Scattered Photon

It is worthwhile to make a few remarks on the role played by the scat-
tered photon in this implementation of Maxwell’s demon. Indeed, when com-
pared to other laser cooling techniques, the fact that only a single photon per
atom is required to accomplish signi cant cooling presents a huge advantage in
regard to generality and applicability. Appropriately, the technique has been

called single-photon coolingto emphasize its distinction.

The irreversibility of single-photon cooling is dependent on the non-
degeneracy of the initial and nal atomic states. In this way, it is the scat-
tered photon which either carries away the liberated kinetic energy of the gas
or stores that energy in the atom’s internal structure, thereby satisfying con-
servation of energy. But what of the Second Law? A suitable analogy is the
spontaneous crystallization of a super-cooled melt [36]. The con gurational
entropy of the atoms in the melt is lowered by forming a lattice structure,
necessitating the transfer of an equal amount of entropy to another reservoir.
This occurs through the disordered excitation of crystal vibrational modes by
the liberated latent heat. With single-photon cooling, the one-way valve low-
ers the con gurational entropy of the gas by compressing it, and this entropy

decrease is compensated by an increase in the disorder of the radiation eld.

In the context of the informational interpretation of Maxwell’s demon,
single-photon cooling can be thought of as informational cooling. Each scat-
tered photon represents a measurement of an atom’s position at a particular

time, and thus it contains information that species the atom’s position in

11



phase-space. In principle, the scattered photons could be collected and stored,
yielding complete information on the ensemble’s energy distribution. The orig-
inal ensemble could then be reversibly reconstructed. In practice, the scattered
photons are immediately discarded. Unlike the demons considered in the tra-
dition of Szilard and Bennett [37], the information contained in the photons
need not be stored or processed. The operation of the valve is automatic; it is

as if the demon makes a measurement and immediately erases its memory.

It is also interesting to look at the e ciency of single-photon cooling’s
information use. Whereas other informational cooling techniques, such as
stochastic cooling, radiate an enormous amount of information compared to
the amount collected and used for cooling, single-photon cooling is maximally
e cient in this sense. The reduction of atomic entropy is exactly balanced by

the information entropy of the scattered photon [30].

12



Chapter 2

Cold Atomic Gases

\A physicist is just an atom’s way of looking at itself."

-Niels Bohr

2.1 Overview

The proposition that matter is composed of indivisible particles can

be traced back to the Greek philosopher Democritus, circa 400 BCE [38].

13



Nevertheless, it took more than two millennia before the scientic commu-
nity accepted the atomic hypothesis, due in no small part to the considerable
technical challenges concomitant with isolating and probing matter on such a
minute scale. In the rst half of the twentieth century, physicists made great

strides in understanding the atomic structure, but few experimental tools were

available for comprehensive control over atoms in the laboratory.

With the advent of the laser in 1960 [39, 40], the eld of atomic physics
was radically transformed. Physicists had been aware of the mechanical e ects
of radiation on matter since the days of Kepler [41], but the laser gave exper-
imentalists unprecedented control over the radiation eld. It was proposed
that this control could in turn be harnessed to dissipate energy in the exter-
nal degrees of freedom of atoms, cooling a gaseous ensemble with precisely
tuned laser radiation [42,43]. Cooling schemes relying upon atomic doppler
shifts were quickly realized with trapped ions [44, 45], and neutral atoms soon

followed suit [46, 47].

Since this time, laser-cooled atomic gases at sub-millikelvin tempera-
tures have proven to be a rich and diverse testbed for fundamental physics as
well as for a variety of applications. Investigations into long-standing ques-
tions of thermodynamics, one of which is the focus of this dissertation, have
been made possible with cold atoms. They have enabled the study of novel
thermodynamical systems such as Bose-Einstein condensation [48, 49] and de-
generate Fermi gases [50]. Furthermore, precision measurements of electric

dipole transitions in cold atoms have provided tests of quantum electrody-
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namics to extreme levels of accuracy.

Cold atoms are also the basis for a variety of promising applications.
Interferometers exploiting the thermal de Broglie wavelength of atoms are po-
tentially the most sensitive gyroscopes today [51]. Optical frequency standards
accurate to a part in 13° have been demonstrated by interrogating narrow elec-
tronic transitions in clouds of cold calcium and strontium [52]. Additionally,
the eld of quantum information has the potential to revolutionize modern
computation and communication by exploiting the quantum mechanical na-

ture of cold atoms [53].

2.2 Entropy and Cooling

To the extent that the term ‘cooling’ refers simply to reducing the
temperature of a gas, it is a fairly uninteresting concept in atomic physics.
By reversibly expanding a trapped gas, its temperature decreases at the cost
of a decrease in density. This process is isentropic and essentially trivial.
Therefore ‘cooling’ is typically used colloquially among atomic physicists to
refer to a reduction of entropy. This encompasses processes that decrease
temperature at a constant density, increase density at a constant temperature,

or simultaneously decrease the temperature and increase the density.

A gure of merit customarily used in the context of cold atoms and
cooling experiments is phase-space density, rather than entropy. Phase-space

density is de ned as the product of the atomic density and the cube of the
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| System [n(em 3 [T (K) ] |

Atmospheric nitrogen 1072 300 |10

Liquid nitrogen 10%° 77 |10°

Laser cooled atoms 10t 105 |10 ©
Bose-Einstein condensation  10%° 10 7 1

Table 2.1: Estimates of phase-space density for various systems.

thermal de Broglie wavelength:

3=2
3 N h 2 .

® =V 2mkaT (21)

n

It is easy to see that this quantity is closely (though inversely) related to
entropy by noting that U = gN kg T in Equation 1.4. Thus the following
statements may be taken as equivalent, at least for the purposes of this dis-

sertation:

1. The atomic ensemble has been cooled.
2. The entropy of the ensemble has decreased.

3. The phase-space density of the ensemble has increased.

To get a sense of how phase-space density scales, Table 2.1 gives approximate

values for several systems.

Evolution of the phase-space density in Hamiltonian systems is gov-
erned by Liouville’s theorem [54], which states thatl =dt = 0. A conservative
system ows through phase-space with constant density. Even with time de-

pendent terms in the Hamiltonian, phase-space density cannot increase [55],
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although schemes relying on collisional interactions may allow local increases

[56].

The bottom line is that real cooling, or an overall increase in phase-
space density, is nontrivial and impossible without some sort of irreversible
dissipation. Historically, it has been a grand challenge to devise experimentally

viable schemes of this nature.

2.3 Interactions Between Atoms and External Fields

The development of the quantum mechanical theory of matter in the
early twentieth century, along with progress in the understanding of the in-
ternal structure of atoms, have resulted in a detailed understanding of the
interactions between atoms and external electromagnetic elds. Experimen-
talists have, for some time now, used these interactions to manipulate both
the internal states as well as the external degrees of freedom of atomic ensem-
bles. This section will detail the main interactions that are relevant to this

dissertation.

2.3.1 Resonant light

The most common tool used by experimentalists for manipulating the
internal states of atoms is resonant light. Because photons carry momentum,

a scattering force also arises from resonant absorption and emission.

The optical Bloch equations describe the interaction between a classical

monochromatic optical eld and an ensemble of quantum two-level atoms. An
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Figure 2.1: Monochromatic radiation eld incident on an ensemble of two-level
atoms.

excellent derivation and discussion of these equations is given in References
[57{59]. Here only the main results that are relevant for the present work are

highlighted.

Consider an ensemble of two-level atoms, with ground stajéi and
excited statej2i. When irradiated by a monochromatic eld of frequency! ,
which is close to the ensemble’s resonant frequenicy,, the atoms may make
a transition to state j2i by the stimulated absorption of a photon. From the
excited state, they will decay back tgli either by spontaneous or stimulated
emission of another photon. The net spontaneous scattering rate for each atom

may be written

R= _ =l

21+1e.+ 2 =) 2 (2.2)

where is the natural linewidth (decay rate) of the excited state,l is the
intensity of the driving eld, I is referred to as the saturation intensity, and

=1 I 1, is the detuning of the eld from the atomic resonance. The
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Figure 2.2: Scattering rate as a function of detuning and saturation parameter
I=Is. As the intensity increases, the e ective linewidth becomes broader, and
transitions can be driven away from resonance.

saturation intensity | is given by

oC 2.2
le = —— - 2.
*o4e ¥ (2:3)
where @ is the polarization vector of the electric eld and = er is the

microscopic polarization operator. | is signi cant in that it corresponds to
the intensity at which the Rabi frequency is comparable to the decay rate of
the excited state and the excited state population is half its maximum. For
the D, (F =2 ! F°= 3) transition of rubidium 87, |5 = 3:58 mW=cm?
for isotropic light polarization [60]. A comparable parameter has been be
derived for the IS! 2S two-photon transition of hydrogen, and its value is

0:89 W=cm? [61].

Figure 2.2 is a plot of Equation 2.2 for a range of detunings and

saturation parametersl=I ;. The scattering rate is a Lorentzian centered about
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the atomic resonance, with a width that increases with increasing saturation
parameter. The full width at half-maximum (FWHM) of this Lorentzian is
given by [62]
| 1=2
' rwhm = 1+~ : (2.4)

S

This phenomenon is known apower broadening Experimentally, it may be

utilized to drive atomic transitions e ectively using o -resonant light.

2.3.1.1 Optical Molasses

Because a photon carries with it a certain amount of momentunp(=
~k, wherek is the wavevector of the light), each absorbed and scattered photon
imparts a momentum kick to the atom. For a large number of scattering
events, the momentum kicks from photons emitted spontaneously in random
directions average out to zero. The result is a net scattering force, due to the

absorbed photons, in the direction of the light propagation
Fsc = R~K; (2.5)

whereR is the scattering rate of Equation 2.2.

For a light source such as a laser, the direction of this force can be
precisely controlled. Furthermore, the frequency dependence of this force can
be exploited in conjunction with the Doppler e ect to form the basis of nearly

all laser cooling schemes. In its simplest form, it is known as ‘optical molasses.’

Consider a two-level atom at rest in a eld comprising two counter-

propagating laser beams (Figure 2.3a). The lasers are red-detuned from the
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Figure 2.3: Optical molasses incident on (a) an atom at rest and (b) an atom
with positive velocity. The moving atom scatters more photons from the left-
propagating beam, resulting in a viscous damping force.

atomic resonance by an amount = ! I 12. The detuning is said to be red

(blue) when is negative (positive). The net force on the atom is given by

Fnet = F+ + FSC

I 1 1
= ~k§E 1+|:|s+(2 +:)2 1+|:|s+(2 :)2 R; (26)

where the rst (second) term on the right hand side of the equation corresponds

to the force generated by the right-propagating (left-propagating) laser beam.

Because the scattering force (2.2) is in the direction of the laser prop-
agation, it is clear that the forces from the two beams on an atom at rest
will cancel each other out, provided they have equal intensities and detun-
ings. However, in the case that the atom has a nite velocity (Figure 2.3b),
the atom sees two di erent e ective laser detunings due to the Doppler shift
k v= kv

= kv: (2.7)
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This asymmetry induces a non-zero net force. Indeed, an atom with non-
zero velocity sees one beam blue-shifted (toward resonance) and the other
red-shifted (further away from resonance). It scatters more photons out of the

blue-shifted beam, resulting in a net force that acts against the atomic motion.

This can be shown more explicitly by Taylor-expanding Equation 2.6

in the small velocity limit (v =k). The result to rst order is
4~k(I1=l¢)(2 =
F(V) — ( S)( ) 5 (28)
A+1=1s+(2 =) 72
Given a red-detuned laser, < 0 and Equation 2.8 can be rewritten
F(v) = V! (2.9)

It is immediately clear that this is a damping force similar to that of a particle

in a viscous uid. Hence the name, optical molasses.

This scheme may be trivially scaled up to three dimensions. With the
inclusion of particular magnetic elds and beam polarizations, a magneto-
optical trap (MOT) can be created that both cools and trap the atoms [63].
MOTs have become one of the workhorses of the cold-atom community, and
little else will be said about them here except to note Reference [57] and
mention that they are used in preparing the rubidium atoms for the cooling

experiments.

2.3.1.2 Branching Ratios

Thus far, the discussion has assumed that each atom has only two

accessible quantum states. Needless to say, this is an idealization often far
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Figure 2.4: Branching ratios for a rubidium 87 transition.

from the truth. It is often the case that an excited atom spontaneously decays
not to its original state, but, for example, to a di erent hyper ne state. This
process has been the bane of traditional laser cooling, but it will be shown to

be essential for the success of single-photon cooling.

Electric dipole selection rules limit the possible decay channels of any
particular excited state, but one can predict with greater certainty the relative
probabilities of allowable spontaneous transitions. These decay probabilities
are known asbranching ratios Consider the spontaneous decay of a photon
from a rubidium 87 atom in the excited 5Ps-, jF°=1;m? = 1i state (Figure
2.4). The relevant selection rules for this transition, F =0; 1and mg =

0; 1, yield ve possible nal states.
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To determine the relative strengths of each of these transitions, the

Wigner-Eckhart theorem may be employed to produce the relation [64, 65]

o . o P F9 1 F
hF;mej fFSm2i = Pk kF( )P ™" 2F +1 m q me ;
(2.10)

wherejF; mei (jJF%m2i) are the ground state (excited state) hyper ne quan-
tum numbers, 4 is the g component of the spherical electric dipole operator,
and the quantity in parentheses is a Wigner 3-j symbol. Applying the Wigner-
Eckhart theorem again allows one to rewrite this equation with thé& and F°
dependence factored into a Wigner 6-j symbol:

J J°1

FOF |
(2.11)

hFk kF9 = ik kJ4( 1)F°+J+1+'p (2F0+ 1)(2J + 1)

The matrix elementhJk kJ9 can be determined using the relation

1 13, 20+1. .
-=3 0~032J0+1Jh]k kJ % ?; (2.12)

where is the lifetime of the excited state.

Using these relations, the normalized branching ratios are calculated
and shown in Figure 2.4 next to each red arrow representing possible decay

channels.

2.3.2 Light Shifts

When an atom interacts with light that is detuned far from resonance,

the scattering rate becomes negligible, and the dominant e ect is a shift in the
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atom’s internal energy. This shift may be exploited by applying gradient elds,

such as that of a Gaussian laser beam, which result in nearly-conservative

forces and potentials. First proposed for neutral atoms in 1962 by Askar’yan
[66] and demonstrated in 1986 by Chet al. [67], trapping potentials based on
light shifts (so-called optical dipole traps) are now commonplace in the cold

atom community due to their simplicity and exibility.

A detailed discussion of light shifts and the optical dipole force is given
in [68]. To understand the interaction between far-detuned light and an atom,
consider the atomic dipole momentg(r;t) = eép(r)exp( i't )+ c:c) induced
by the electric eld of the light (E(r;t) = €E(r)exp( it )+ c:c). The dipole
moment and eld amplitudes are related by the complex polarizability as
follows:

p= E (2.13)
The interaction potential for this system is

1 : 1
Udip = El‘p Ei = Z_OCRe( )I, (214)

wherel = 2 ojEj?is the intensity of the eld. Itis straightforward to calculate

the dipole force:
1
Fap(r) = 1 Uagip(r) = Z—Re( )l (2.15)
oC

The complex polarizability may now be calculated by integrating the
equation of motion for the classical damped, driven harmonic oscillator

eE(t)
Me

(2.16)



and inserting Larmor’s formula for the power radiated by an accelerating

charge [69]:

= %: (2.17)
Solving for the polarizability gives
— 3 =13 .
=6 (= (2.18)
where 1,- This expression is valid for the case of negligible saturation and

large detuning. General equations for the dipole potential and the scattering

rate may now be written:

_ 3c?
Ugip (1) = 5 8 o + e I (r) (2.19)
and
3¢2 1 3 2
Rd|p(r) - 2~—|8’ G ' o ' + | o " | | (I’) (220)

Typically, the second term in parentheses of Equations 2.19 and 2.20
can be neglected (the rotating wave approximation), and the equations may

be simpli ed to

3c?
Uaip (r) = -5 —1(r) (2.21)
2 5
and
3c? 2
Ruaip (r) = o3 I(r); (2.22)
0
where, as before, = ! ! is the detuning from resonance.

There are two features of Equations 2.21 and 2.22 that merit closer ex-

amination. The rstis that the potential Uy, scales as= while the scattering
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rate Rqip scales a$= 2. This means that strong potentials with negligible scat-
tering can be formed by elds with large detunings and high intensities. The
second is that the sign of the potential depends solely on the sign of the de-
tuning . Thus, for red detuning, an atom will experience an attractive force.
Conversely, for blue detuning, an atom will experience a repulsive force. In
this way, atoms may be trapped at red-detuned eld maxima or blue-detuned

eld minima.

2.3.3 Zeeman e ect

Just as the internal energy of an atom with an (induced) electric dipole
moment is raised or lowered by an external electric eld, an atom with a mag-
netic dipole moment experiences energy shifts in the presence of an external
magnetic eld. This e ect, rst explored by Zeeman [70], is routinely used to

trap neutral atoms at local magnetic eld minima [71].

The total magnetic moment of an atom is given by the sum of its

electronic and nuclear moments

=  g(@Jd+agl) (2.23)

where g = e~=2m, = h 1.4 MHz=G is the Bohr magneton,J and | are the
electronic angular momentum and nuclear spin, respectively, ang (g, ) is the
electronic (nuclear) Lance g-factor. Herel = L + S is the vector sum of the

electronic orbital angular momentumL and spin S.

The Hamiltonian for the Zeeman interactionH,; = B may be
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Figure 2.5: Vector model of hyper ne coupling. The vector sum of the elec-
tronic orbital angular momentum, electronic spin, and nuclear spin precesses
about the axis aligned with the magnetic eld.

diagonalized in the so-called hyper ne basi§ F; mgig, whereF = J+ 1. This
coupling is shown pictorially in Figure 2.5. The hyper ne basis vectors are

eigenvectors of the operator$? and F,, with the latter being the angular

momentum operator projected along the axis of the local magnetic eld.

For a given hyper ne manifold with total angular momentumF, there
are F + 1 projections labeled bymg. The energy shift of each sublevel, in

the low- eld regime, can be written

Uz = BOrMejBj: (2.24)
Figure 2.6 depicts the Zeeman e ect for rubidium atoms in the%s,-, ground
state.

By removing the vector dependence of Equation 2.24, it is assumed
that the magnetic dipole moment is aligned with and precessing about the

direction of the magnetic eld. Experimentally, an atom’s magnetic moment
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Figure 2.6: Low- eld Zeeman shifts for F=1 and F=2 hyper ne manifolds of
8Rb.

will adiabatically follow an inhomogeneous or time-dependent eld as long as
the following condition holds:!, | B=Bj, where! [ = Uz=is the Larmor
precession frequency anB, for a static magnetic eld, arises from the atomic
motion across a spatially inhomogeneous eld. When this condition is violated,

Majorana spin ips can occur.

It can be seen from Equation 2.24 that there are three classes of mag-
netic states. Those for which the product- mg > 0 are referred to as low- eld
seekers. The energy of atoms in these states increases with increasing mag-
netic eld strength. Given a magnetic eld gradient, these atoms will be

forced toward regions of lower eld strength. Conversely, the states for which
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the product gemg < O are referred to as high- eld seekers. Atoms in these
states will be forced toward regions of high eld strength. Finally, there is a
magnetically decoupled stateng = O which experiences no energy shifts and

therefore feels no forces from a magnetic gradient.

In principle, a magnetic con ning potential could be created to trap
either low- eld or high- eld seekers at eld extrema. However, Maxwell's
equations forbid the presence of local magnetic eld maxima in free space [72].
Thus it is the low- eld seekers, those for which the producg- mg > 0, that

are magnetically trappable.
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Chapter 3

The Rubidium Apparatus

\It doesn’t matter how beautiful your theory is, it doesn’t matter

how smart you are. If it doesn’'t agree with experiment, it's wrong."

-Richard Feynman
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It is the privilege of experimentalists to query Nature with progressively
re ned and conglomerated theories, which often require increasingly elaborate
experimental apparatuses. Indeed, the modern tabletop cold atom experi-
ment can be an intricate and dauntingly vast amalgam of optics, electronics,
vacuums, and graduate students. Each of these elements is both complicated
and necessary, and each must work in concert to yield meaningful results. This
chapter overviews the apparatus used to perform the experiments on rubidium
as well as the methods employed for preparation and detection of the atomic
ensembles. Exhaustive detail on the construction of the vacuum, magnetic,
and laser systems can be found in [73{76]; this chapter will serve primarily as

an overview.

3.1 Vacuum System

Due to the immense di erence in temperature scales between the lab-
oratory environment and the ensembles (typically greater than six orders of
magnitude), cold atom experiments require absolute thermodynamic separa-
tion between the two. This is accomplished using a steel and glass vacuum

chamber, a photograph of which is shown in Figure 3.1.

The vacuum chamber operates in the double MOT con guration [77].
The motivation for this design is to maintain a low background pressure in
the science chamber (where the experiments are performed) without sacri-
cing the ability to accumulate rubidium atoms quickly. These goals seem

diametrically opposed because, while the background gas is the source of ru-
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Figure 3.1. The vacuum chamber. Photo courtesy of Todd Meyrath [74].
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bidium atoms for the experiment, collision with background gas atoms result
in losses once the experiment has begun. An elegant solution to this problem
is the use of two chambers, operated at di erent pressures and interconnected
by a di erential pumping tube that maintains the pressure gradient. Atoms
are accumulated initially in the high-pressure chamber and then transferred
through the di erential pumping tube to the low-pressure chamber where the

experiment occurs.

3.1.1 Upper Chamber

The upper chamberis a® 1= 11=%rectangular Pyrex cell which
is attached via a graded glass-to-metal seal to a32%con at steel ange. A
passageway for atoms to the lower chamber (consisting of the science chamber
and pumping region) is provided by a 8=type-304 stainless steel tube with a
13%%apered hole through the center. The tube conductance is approximately
0.05 L/s, allowing for a pressure di erential of greater than three orders of

magnitude. A schematic of the chamber is shown in Figure 3.2.

Roughly 200 mg of 3N5 purity solid rubidium is located in a reservoir
attached to this chamber, leading to a background gas pressure of approxi-
mately 10 7 torr [78], the room temperature vapor pressure of rubidium. Only
28% of this is the desired isotope®(Rb), but the isotopic shift makes®Rb

transparent to the near-resonant lasers, and so it can be e ectively ignored.

A MOT is created in this chamber, capturing atoms from the low-

velocity tail of the Maxwell-Boltzmann thermal distribution. The MOT com-
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Figure 3.2: Schematic of the upper vacuum chamber, courtesy of Todd
Meyrath [74].

prises three pairs of counter-propagating beams (one pair not shown in Figure
3.2) as well as a pair of anti-Helmholtz electromagnetic coils (also not shown).
Cold atoms are accumulated in the center of the chamber, and, utilizing the
scattering force of Equation 2.5, they are funneled downward through the dif-

ferential pumping tube to the lower chamber with a resonant ‘push beam.’

3.1.2 Lower Chamber

There are two regions of the lower chamber. The pumping region con-
sists of two vacuum pumps which maintain a pressure below 18 torr in the
entire lower chamber. The second region is the science chamber, where atoms

are recaptured out of the push beam and experiments are performed.
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3.1.2.1 Pumping Region

The heart of the pumping region is a modi ed six-way steel cross with
415%and 232 CF anges. Two pumps are attached to this cross. The
primary pump, which runs continuously, is an ion pump (Varian 919-0103)
with nominal pumping speed of 75 L/s. An auxiliary titanium sublimation
(Tizsub) pump is also attached. The Ti:sub has a pumping speed around 300

L/s and is red on occasion.

In addition to the two pumps, a nude Bayard-Alpert ion gauge is at-
tached to the pumping region. The hot-cathode gauge has limited usefulness
at pressures below 10° torr, and thus it is rarely operated. A more sensitive
and valuable measure of the background pressure is given by the lifetime of
atoms in the magnetic trap. The losses in the trap are dominated by collisions
with background gas atoms, and so shorter lifetimes indicate higher pressures.
The lifetime for this apparatus is typically around 20 s, which, though not

ideal, is adequate for the cooling experiments.

The remainder of the anges are sealed with ats and an all-metal valve
used for attaching the chamber to a roughing pump station during the initial

evacuation of the chamber.

3.1.2.2 Science Chamber

The construction and attachment of the science chamber was a remark-
able feat of engineering, described in detail in the references given above. A

photograph of the chamber is shown in Figure 3.3. It is a rectangular glass
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Figure 3.3: The science chamber before attachment to the pumping region.

cell with outer dimensions 30mm 30mm 115 mm attached to a cylindrical
disc. The type of glass is Spectrosil (Heraeus Quarzglas GmbH), a proprietary
UV-grade synthetic fused silica. The walls are 5 mm thick and were optically
contacted and fused by Hellma Cells, Inc. A vacuum seal was made between
the cylindrical piece and the steel chamber with a Helico ex seal (Garlock

Helico ex H-307330 REV NC).

3.2 Magnetic System

Magnetic elds in the experiment are provided by current- owing coils,
and they serve two purposes. The rst is to create quadrupole elds for the

MOTs and magnetic trap. The second is to provide o set elds that both
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counter the earth’s magnetic eld and shift the center of the quadrupole elds.

3.2.1 Anti-Helmholtz Coils

The Anti-Helmholtz con guration is one of the simplest and most ubig-
uitous coil con gurations, and it can be used to produce magnetic elds for
both MOTs and pure magnetic traps. It comprises two concentric circular coils
separated by a distance equal to their radius, with current owing through the
coils in opposite directions. This creates a quadrupole eld near the midpoint

of the caoils.

To see this, consider a single circular loop carrying electric current In
cylindrical coordinates, with the origin at the center of the loop, the resulting

magnetic eld may be written [79]

B —I_n 1 K(2)+ uE( 2) (3.1a)
T2 TR+ )2+ 22 (R )2+ 22 '
_ z . R%2+ 2 722

"7 PRe e O R et B0

where is the permeability, R is the loop radius,K ( ?) and E( ?) are the
complete elliptic integrals of the rst and second kind, respectively, and the

argument 2= (4R )=[(R+ )%+ Z?].

With the addition of a second loop, concentric with the rst but cen-
tered at z = R and carrying current |, the resulting is shown in Figure 3.4.
At the midpoint of the coils, there is a local eld minimum where atoms in a

low- eld seeking state may be trapped. In this experiment, atoms are con ned
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Figure 3.4: Axial and transverse eld magnitude for anti-Helmholtz pair.
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close enough to the center that the eld gradients may be approximated as

constant. The rst terms in the Taylor expansions of the eld magnitudes are
B,=2B% (3.2a)

B =B° (3.2b)
where the eld gradient Bis given by

(d=2)R?

(@2 + R 59

3
BO= |
2

3.2.1.1 Upper MOT Caoils

A pair of circular coils, alluded to in Section 3.1.1, sandwich the glass
cell of the upper vacuum chamber. The coils have a radius of 4 cm and
are spaced by 6 cm. Around 2.5 A ow through 91 windings of 20 gauge
wire, producing a nearly anti-Helmholtz quadrupole eld for the upper MOT
with a gradient of about 15 G/cm. The current in each coil is independently
regulated by home-built current controllers [74], allowing the location of the
eld minimum (MOT center) to be adjusted. The coils are mounted to water-

cooled copper blocks for heat dissipation.

3.2.1.2 Magnetic Trap Coils

Another pair of circular coils is located around the science chamber.
These multipurpose coils create a weak-gradient eld for the lower MOT when

operated at low current as well as a strong-gradient eld for the quadrupole
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Figure 3.5: Photograph of the science chamber and quadrupole magnetic trap
coils.
magnetic trap when operated at high current. They are pictured in Figure

3.5.

Each coil consists of 176 turns of 14 gauge magnetic wire in three layers,
with an inner diameter of 34 mm, an outer diameter of 69 mm, and a width of
42 mm. From center to center, the coils are separated by 75 mm. The wire is
encased by a PVC enclosure, and chilled water continuously ows through the
enclosures to dissipate resistive heat. Figure 3.6 is a horizontal cross-section

of the geometry and location of the magnetic trap coils.

The calculated eld gradients near the midpoint, which agree well with
the measured values, ar8, = 9:7 G/(cm A) and B = 4:8 (G/cm A) where

: . . P——. : :
z is the axial coordinate and = = x2+ y? is the radial coordinate.
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Figure 3.6: Schematic of the magnetic trap quadrupole coils.

Current ows in series through the coils and is generated by three
power supplies (Lambda GEN80-19) wired in parallel. The current is regulated
with seven power op-amps (OPA549) controlled by a home-built proportional-

integral-derivative (PID) control circuit.

3.2.2 Auxiliary Coils

In addition to the two pairs of anti-Helmholtz coils, several more coils

are positioned around the science chamber, serving various functions.

First, a Helmholtz pair is aligned on axis with the quadrupole coils.
These coils each consist of 30 turns of 16 gauge wire, resulting in a near-
uniform eld at the trap center of about 2.6 G/A. The purpose of these coils
is both to shift the center of the MOT/magnetic trap and to provide the

reference eld during optical pumping (Section 3.6).

Another auxiliary coil is located just above the science chamber and
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Figure 3.7: Adding a uniform eld to the quadrupole eld shifts its minimum.
Here the center of a magnetically trapped ensemble is plotted against the
current owing through the vertical auxiliary coil.

oriented vertically. The coil consists of 150 turns of 20 gauge wire and produces

a eld near the trap center of roughly 1 G/A.

Naively, one might expect that superimposing a uniform eld on a
quadrupole eld would do nothing but increase the magnitude of the eld
everywhere. However, the quadrupole magnetic eld is vectorial and points in
opposite directions on either side of its minimum. Therefore adding a uniform
eld translates the minimum (zero) in space rather than simply increasing it.
This e ect can be seen clearly in Figure 3.7, where the observed center of the
magnetic trap shifts in proportion to the current through the vertical auxiliary

coil.
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3.3 Laser System

An intricate system of lasers and optics is used to manipulate and probe
the atomic ensembles. The lasers can be grouped into two classes: lasers
operating near the®’Rb D, transition at wavelength 780 nm, and lasers

far detuned from this wavelength.

3.3.1 Near-Resonance Lasers

A diagram of the near-resonance frequencies used in the experiment is
shown in Figure 3.8. A total of six di erent frequencies are used, though not
all simultaneously. All frequencies are resonant or located within 50 MHz of

aD, (5%S,-, ! 52P3o,) transition.

The fundamental light for the experiment is generated by two external-
cavity diode lasers (ECDLS) in the Littrow con guration [80]: the MOT master
laser and the repump laser. The frequency of each is locked to individual ru-
bidium lines using saturated absorption spectroscopy methods. To generate
adequate optical power for the experiment, the light from the MOT master
laser is ampli ed by seeding it into three injection-locked ‘slave’ lasers. The
frequencies of all ve diode lasers are shifted using acousto-optic modulators
(AOMs), many of which serve additionally as fast shutters. Because the ex-
periment is extremely sensitive to stray light and the AOMs do not completely
extinguish the di racted orders, slower mechanical shutters are located at var-

ious points along the beam paths to provide full occlusion.
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Figure 3.8: Near-resonance laser frequencies used in the experiment.
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Figure 3.9: The MOT master laser.

3.3.1.1 MOT Master Laser

The MOT master laser, pictured in Figure 3.9, is a robust Littrow-
con gured ECDL designed and built originally for a prior experiment [81].
The heart of the laser is an edge-emitting diode (Intelite MLD-780-100S5P)
with nominal wavelength of 780 nm and output power of 100 mW at injection
current of 120 mA. The diode is mounted in a tube (Thorlabs LT230P-B) which
houses a broadband anti-re ection (AR) coated aspheric leng (= 4:5mm).
The exiting light is collimated and directed at a gold-coated, blazed di raction
grating with 1200 grooves/mm. This grating serves as the laser output coupler
as well as frequency selector. The zeroth-order specular re ection is used as
the output beam, while the rst-order diracted beam is retrore ected into

the diode, forming the external laser cavity. By adjusting the grating angle
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Figure 3.10: Distribution of the MOT master laser output.

with a piezo stack, the output wavelength can be nely tuned. The linewidth
of the laser has an upper bound of 1.5 MHz, as measured with a Fabry-Perot

cavity.

For maximum stability, all parts are mounted on a bronze baseplate
which is actively temperature stabilized with a thermo-electric cooler (TEC)
and PID circuit. A plexiglass cover thermally isolates the laser and rejects air

currents and acoustic vibrations.

The asymmetry in the spatial mode of the laser is removed with an
anamorphic prism pair, and the beam is sent through an optical isolator
(Conoptics 712B). The isolator, which utilizes the Faraday e ect, prevent
back-re ections from reaching the master diode and causing lasing instabil-
ities. Subsequent to the isolator, the beam is distributed into three paths, as

shown in Figure 3.10.
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Most of the laser power passes straight through a 103 MHz AOM. This
zeroth-order di racted beam re ects 0 a polarizing beamsplitter cube (PBSC)
and double-passes an 80 MHz AOM with a 40 MHz bandwidth. Because
the rst-order diracted beam double-passes a quarter waveplate £ 4), its
polarization rotates by =2, and it travels straight though the PBSC on second
incidence. It is then distributed to the slave lasers for injection locking (see
Section 3.3.1.3). As a result of the double-pass, the injection beam, and hence
the slave lasers, are tunable between 80 and 160 MHz red of the= 2 !

FO = 3 transition. The slave lasers are each followed by their own 80 MHz
AOMs, allowing for nal frequencies between resonance and 80 MHz red of

the F =21 F9%= 3 transition.

A small amount of light is undi racted by the 80 MHz AOM and is
coupled into a Fabry-Perot cavity. This cavity serves as a useful diagnostic for

ensuring single-mode operation of the MOT master laser.

Finally, a few milliwatts is di racted into the rst-order of the 103 MHz
AOM. This light is sent to a saturated absorption spectrometer which actively
stabilizes the fundamental laser frequency to a rubidium transition. A layout

of the setup is depicted in Figure 3.11.

A thorough review of saturation absorption spectroscopy may be found
in [82]. There are many ways to produce a dispersive error signal for stabilizing
a laser to an atomic transition. The error signal for the MOT master laser is

produced in a fairly straightforward fashion.
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The beam is split into a strong pump beam and a weak probe beam
with an uncoated glass plate. The pump beam double-passes an AOM that is
driven by a frequency modulated (FM) 44 MHz signal with modulation depth
4 MHz and frequency 7 kHz. It then passes through a room-temperature
rubidium vapor cell. The probe beam counter-propagates with the pump beam
in the vapor cell and is focused onto a photodiode. The resulting signal is
mixed with the FM frequency by a commercial lock-in ampli er (SRS SR510).
When the MOT master laser frequency is scanned across the=2 ! F%=
1, 2; 3 transitions, a dispersive error signal is produced by the lock-in ampli er

(Figure 3.12).

Because it is the most prominent, theF = 2 | F%= 2=3 crossover
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transition is used for locking. The error signal is fed into a PID circuit, the
output of which is ampli ed (Trek 601B-2) and input to the piezo stack which
controls the di raction grating angle. This closes the feedback loop and locks
the frequency of the MOT master laser 280 MHz red of the =2 ! F°=3

transition.

3.3.1.2 Repump Laser

During the experiment, atoms will decay on occasion to thg = 1i
ground state. This can be problematic because the MOT master laser and
its slaves are tuned to transitions from thgF = 2i ground state, meaning
these atoms are in a dark state which scatters no photons. To remedy this,
a repump laser tuned to theF =1 ! F°%= 2 transition is introduced. This
laser is used during the MOT, molasses, optical pumping, and detection stages

of the experiment to cycle atoms fromF =1i!j F =2i.

The repump laser is constructed identically to the MOT master laser.
The distribution of its output power is shown in Figure 3.13. Because the
output power of the repump laser is su cient for the experiment ( 30 mW),
the laser is directed straight to the upper and lower chambers rather than to

slave lasers.

A small amount of power is picked o after the optical isolator with a
PBSC. This light goes to another saturated absorption spectrometer, depicted
in Figure 3.14. The setup is slightly di erent from that of the MOT master

laser (Figure 3.11). Here, two weak probe beams are created by a glass plate
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Figure 3.13: Distribution of the repump laser output.

beamsplitter, and the strong pump beam overlaps only one of them in the
rubidium vapor cell. The probe beams are then subtracted by a di erential
photodetector. The purpose of this con guration is to subtract the doppler-

broadened background absorption from the spectroscopy signal.

Another di erence with this setup is that the frequency modulation is
applied to the laser not by an FM AOM, but rather by directly dithering the
piezo stack of the laser. This introduces some frequency noise to the laser, but

it has a negligible operational e ect.

Figure 3.15 is the dispersive error signal produced by the repump sat-
urated absorption spectrometer. The laser is lockedtothe =1! F%=1=2
transition which is 78.5 MHz red of the desiredr =1 ! F%= 2 transition. As

shown in Figure 3.13, the frequency is upshifted by an 80 MHz AOM, putting
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Figure 3.15: Error signal for the repump laser. The real and crossover tran-
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it within 1.5 MHz of resonance. Because the linewidth of this transition is

about 6 MHz, the o set can be ignored.

3.3.1.3 Upper MOT Horizontal Slave Laser

The upper MOT horizontal slave laser is the rst of three injection-
locked lasers which amplify the MOT master laser. A photograph of the
construction is shown in Figure 3.16. The slave lasers are built around an
inexpensive diode (Sharp GHO0781JA2C) with a nominal wavelength of 784
nm and power of 120 mW at 140 mA injection current. The diode is housed
in a collimation tube (Thorlabs LT230P-B) which is mounted in a bronze
block. This block is temperature-controlled to bring the diode’s free-running
wavelength closer to the rubidium resonance. The laser is enclosed by an

aluminum housing, and the light escapes through a glass Brewster window.

An injection-locked diode laser can be considered as a regenerative am-
pli er [83]. The goal is to seed the gain medium with enough external laser
light such that the free-running laser oscillation dies out and the gain is sat-
urated entirely by the injected seed light. In practice, 2 mW is enough
injection power for this to occur. Figure 3.17 shows the injection technique. A
portion of the MOT master injection beam is picked o using a half waveplate
(=2) and a PBSC. This beam is aligned into the output rejection port of an
optical isolator (Conoptics 712B), so that it is collinear with and the same
polarization as the free-running slave laser output. With careful alignment,

the slave laser produces 60 mW of power with the spectral characteristics

54








































































































































































































































































