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Observation of Brownian Motion in
Liquids at Short Times: Instantaneous
Velocity and Memory Loss
Simon Kheifets, Akarsh Simha, Kevin Melin, Tongcang Li,* Mark G. Raizen†

Measurement of the instantaneous velocity of Brownian motion of suspended particles in liquid
probes the microscopic foundations of statistical mechanics in soft condensed matter. However,
instantaneous velocity has eluded experimental observation for more than a century since
Einstein’s prediction of the small length and time scales involved. We report shot-noise–limited,
high-bandwidth measurements of Brownian motion of micrometer-sized beads suspended in
water and acetone by an optical tweezer. We observe the hydrodynamic instantaneous velocity
of Brownian motion in a liquid, which follows a modified energy equipartition theorem that
accounts for the kinetic energy of the fluid displaced by the moving bead. We also observe an
anticorrelated thermal force, which is conventionally assumed to be uncorrelated.

Einstein’s seminal work on Brownian mo-
tion introduced a quantitative description
of diffusion at long time scales (1). It led

to experimental evidence of the molecular theory
of matter and also explained why measurements
of the velocity of Brownian particles were incon-
sistent with the equipartition theorem, a funda-
mental prediction of statistical mechanics (2, 3).
Einstein considered the average velocity v�t mea-
sured over time interval t. For diffusive Brownian
motion, his theory predicted a root-mean-square
value of v�t proportional to t–1/2, diverging as t
approaches zero (4, 5). Einstein estimated that his
simplification would break down at time scales
on the order of tp, the momentum relaxation
time. He claimed that the direct observation of the
microscopic statistical mechanics of the Brownian
particle, through measurement of the instanta-
neous velocity, would be “impossible” due to the
demands on spatial and temporal resolution (4).
A larger particle relaxes the demands on temporal
resolution, but increases demands on position res-
olution owing to its slower thermal velocity. Recent
work reported measurement of the instantaneous
velocity of a Brownian particle in air, leading to
confirmation of the equipartition theorem (5),
providing access to dynamics otherwise concealed
by thermal averaging (6), and allowing active
suppression of thermal fluctuations (7). Velocity
measurement in air was facilitated by advances in
ultrasensitive detection and by the larger value
of tp that results from the lower viscosity of air
compared to liquid (5). In liquids, hydrodynamic
coupling between the bead and the fluid dominates
the dynamics of velocity fluctuations, whereas in
air it is negligible. It is now understood that this
coupling is important to both the fundamental
statistics of Brownian fluctuations (8, 9) and to
dynamics at time scales relevant to biological

systems (10), colloidal systems (11), and micro-
fluidics (12).

Previous experiments reported observation of
time-averaged hydrodynamic effects in Brownian
motion for times as short as tf/15, where tf is
the time scale of bead-fluid interaction (13, 14).
However, interesting effects of hydrodynamic in-
teraction also extend to times that are orders of
magnitude shorter than tf, while time-averaging
imposes a thermal distribution of initial velocities
and conceals the onset of equilibrium. In this
work, we track the Brownian motion of dielectric
microspheres (silica and barium titanate glass)
suspended by an optical tweezer in water and
acetone (Fig. 1). We achieve shot-noise–limited
position sensitivity below 3 fm=

ffiffiffiffiffiffi
Hz

p
with a band-

width of more than 50 MHz, which, combined

with an appropriate choice of system parameters,
allows us to observe single-particle dynamics at
times as short as tf/300 and to resolve theBrownian
particles’ instantaneous velocity.

InEinstein’s picture,mean-squared displacement
(MSD) of Brownian trajectories is described by the
diffusion equation, MSDðtÞ ≡ 〈½DxðtÞ�2〉 ¼ 2Dt
where D is the diffusion constant. Because of
their fractal nature, purely diffusive trajectories
have infinite length and thus an undefined in-
stantaneous velocity, in contradiction of the equi-
partition theorem (5). This contradiction is resolved
when the inertial mass of the particle is taken
into account. Such a solution can be found by
solving the stochastic Langevin equation, mpv

: ¼
FfrðvÞ þ FthðtÞ where mp is the mass of the
particle, v is its velocity, Ffr(v) is the damping force
due to the fluid, and Fth(t) is a random thermal
force. The Langevin equation can be solved for
the MSD and the corresponding velocity auto-
correlation function VACFðtÞ ≡ 〈vðtÞvðt þ tÞ〉 ¼
d2=dt2ðMSDðtÞ=2Þ. The solution requires knowl-
edge of the autocorrelation of the thermal force
which, by the fluctuation dissipation theorem,
can be determined from the dissipative compo-
nent of Ffr (15).

The simplest model of ballistic Brownian mo-
tion assumes Stokes damping, Ffr ¼ −gsv with
Stokes drag coefficient gs ¼ 6phr for a spheri-
cal particle of radius r in a fluid with dynamic
viscosity h. The resulting solution is character-
ized by an exponentially decaying VACF, with
time-constant tp =mp/gs (16). At long times, the
model reduces to diffusive motion, whereas at
short times, the MSD is proportional to t2, and
the VACF approaches its asymptotic value of
〈v2〉 ¼ kBT=m, where kB is Boltzmann’s constant
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Fig. 1. A simplified schematic of the optical trap and position detection system. A microsphere
is trapped by counterpropagating 1064- and 532-nm laser beams focused bymicroscope objectives (OBJ).
The 1064-nm laser is then used to detect the horizontal motion of the bead, split between a low-power, dc
balanced photodetector (DC BPD) and a high-power, ac-coupled balanced photodetector (AC BPD) (DM:
dichroic mirror). Inset: A sample of the position (top trace) and velocity (bottom trace) of a trapped 3.7-mm-
diameter barium titanate microsphere (blue line) recorded by the ac detector; the red line is the signal
recorded with the same laser power but an empty trap.
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and T is the temperature, corresponding to the
regime of ballistic motion. We refer to this solution
as theOrnstein-Uhlenbeckmodel.AlthoughStokes
damping holds formotion at constant velocity, two
extra terms are required to correctly describe the
force on a particle with nonzero acceleration.

In a dense fluid, the gravitational mass of an
object is modified as a result of pressure from the
fluid it displaces. Similarly, an object’s inertial
mass must be modified to account for the inertia
of the displaced fluid. The effective particle mass
is thus m* = mp + ma, where, for a sphere in an
unbounded fluid, the added (inertial) mass of the
displaced fluid is ma ¼ 2

3 pr
3rf (17), which is

non-negligible when fluid density (rf) is compa-
rable to that of the particle (rp). The equipartition
prediction for the mean-squared thermal velocity
of the hydrodynamically coupled bead is thus
〈v2∗th 〉 ≡ kBT=m* for each Cartesian component
of the velocity.

In a viscous fluid, memory of the acceleration
of a sphere at one instant is retained by vorticity
in the fluid flow. Vorticity is generated at the
sphere’s surface and gradually expands outwards,
affecting the force on the sphere at later times.
The difference between this dynamic force and
steady-state Stokes damping is known as the
Basset force (18, 19):

FBðtÞ ¼ −gs

ffiffiffiffi
tf
p

r
∫
t

−∞

v
:ðt′Þffiffiffiffiffiffiffiffiffiffiffi
t − t′

p dt′ ð1Þ

where tf ¼ r2rf=h is the time over which the
vorticity expands a distance r, and v

:
is the ac-

celeration. The Basset force is not purely dis-
sipative; energy from the entrained fluid can be
returned to the particle. For short-time velocity
fluctuations, the Basset force can dominate Stokes
damping (fig. S3D), whereas for long-time fluc-

tuations it can dominate inertial forces (fig. S3C).
At intermediate times it can dominate both. This
behavior can be illustrated by considering the
force required to accelerate an initially stationary
sphere, vðt < 0Þ ¼ 0 with constant acceleration
at time t ¼ 0, v

:ðt ≥ 0Þ ¼ a0. The contribution
by the Basset force grows as t1/2, surpassing the
inertial force –maa0 of the added mass at t ≈ tf/100
and dominating the Stokes damping force –gSa0t
until t ≈ tf . Addition of the Basset force to the
Langevin equation requires modification of the
statistics of the random thermal force, substantially
changes the behavior of the VACF (20, 21), and
could potentially cause deviation from a Gaussian
velocity distribution (9).

Figure 1 shows a simplified schematic of
our experiment. An optical tweezer is created
by two counterpropagating laser beams (1064
and 532 nm, both ~200 mW) focused by two
identical water-immersion microscope objectives
(numerical aperture 1.23). A flow-cell between the
two objectives is used to introduce particles into
the tweezer.Thehorizontal component of the trapped
particle’s displacement is measured with split-
beam detection (5). The 1064-nm beam is split
between two detectors, a high-power (~100mW),
low-noise ac-coupled detector (whose response
is shown in fig. S1) and a low-power dc-coupled
detector (22). The signals from each detector are
digitized and stored on a computer. The particle
diameter d, the trap constant K, and the detector
calibration coefficient are determined by using a
least-squares fit of the MSD of the recorded
trajectories (Fig. 2A). All of the data used in this
paper come from 0.35-s recorded trajectories of a
barium titanate microsphere in acetone (d = 3.72 T
0.06 mm, K= 3.2 T 0.2 × 10–4 N/m, tf = 8.5 ms)
and a silica microsphere in water (d = 2.86 T
0.03 mm, K = 1.6 T 0.3 × 10–4 N/m, tf = 2.0 ms).

The uncertainty of each fit parameter is deter-
mined from the variance in the results of inde-
pendent MSD fits for 10 subtrajectories.

Our measured MSD and VACF demonstrate
that we can observe dynamics deep into the bal-
listic regime. At short times, the MSD (Fig. 2A)
has slope 2 (in a log-log plot), a signature of the
ballistic regime of Brownianmotion. The harmon-
ic potential causes the MSD to plateau around
tk ≡ gs=K, before the purely diffusive regime is
reached. The transition is more evident in the
VACF (shown normalized by 〈v2∗th 〉 in Fig. 2B).
At short times the VACF decays, to first order, as
1 −

ffiffiffiffiffiffiffiffi
t=tv

p
, where tv ¼ ðp=4Þðt2p=tf Þ (22). This

faster-than-exponential decay results from a two-
fold action of the Basset force, which increases
both the strength of the damping force and the
magnitude of thermal force fluctuations at short
time scales. The more familiar long-time tails
(8, 23–25) appear at times longer than tf. The bar-
ium titanate microsphere in acetone has a much
larger tv (11 ms) compared to the silica micro-
sphere in water (0.57 ms), owing to the compar-
atively larger rp of barium titanate and smaller rf
and h of acetone. The larger value of tv facilitates
instantaneous-velocity measurement.

The useful bandwidth of instantaneous-
velocity measurement is limited not directly by
the detector bandwidth, but by the noise floor of
the detector. The presence of shot noise in po-
sition measurement results in b3 growth of the
mean-square noise in velocitymeasurement, where
b is the bandwidth chosen for measurement.
Noise can be reduced by decreasing b, but if b is
too low, the measured velocity will give a smaller
apparent mean kinetic energy than the equi-
partition thermal energy Eth ≡ kBT=2. The effect
of low-pass filtering on the mean-square value of
the resulting velocity can be estimated from the
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Fig. 2. Experimental and theoretical correlation functions from re-
corded trajectories of two different bead-fluid combinations. (A) Double-
logarithmic plot of the MSD for an optically trapped barium titanate glass
(BTG) bead (3.7 mm diameter) in acetone (blue circles; tp = 11.0 ms, tf =
8.5 ms, tv = 11.2 ms), and a silica bead (2.8 mm in diameter) in water (green
squares; tp = 1.2 ms, tf = 2.01 ms, tv = 0.57 ms). The red dashed lines indicate
the MSD of a particle moving at constant velocity. (B) Semilogarithmic plot of

the corresponding VACF normalized by 〈vth2*〉 ≡ kBT=m*, ð0:18 mm=sÞ2 and
ð0:35 mm=sÞ2 for the barium titanate and silica microspheres, respectively.
The horizontal dashed black line guides the eye to the asymptotic value of the
VACF at short times. The solid blue and green lines correspond to the Ornstein-
Uhlenbeck model (which neglects hydrodynamic interactions). The dashed red
lines correspond to the first-order approximation 1 −

ffiffiffiffiffiffiffiffi
t=tv

p
. The solid black

lines correspond to the full hydrodynamic theory (26).
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cumulative velocity spectrum (shown normalized
by 〈v2∗th 〉 in Fig. 3B), determined by integrating
the velocity power spectral density from w = 0 to
w = 2pb. For the filtered velocity to closely ap-
proximate the true velocity, bmust be high enough
to capture most of the area of the velocity power
spectrum (Fig. 3A). Because the hydrodynamic
velocity spectrum falls off less steeply at high
frequency (w–3/2) than the Ornstein-Uhlenbeck
prediction (w–2), an accurate measurement of

〈v2∗th 〉 requires much higher b than expected from
the Ornstein-Uhlenbeck model (22).

Even though the heavier barium titanate bead
has lower 〈v2∗th 〉, its larger tv enables measurement
further into the ballistic regime than for the silica
microsphere in water. We achieve a noise floor of
2.9 fm=

ffiffiffiffiffiffi
Hz

p
in the position spectrum for the

silica microsphere in water and 2.1 fm=
ffiffiffiffiffiffi
Hz

p
for

the barium titanate microsphere in acetone (22),
as reflected in fig. S2. Although the noise levels
are similar, tv is too short to accurately measure
the instantaneous velocity of the silica
microsphere in water; the noise obscures a sub-
stantial fraction of the velocity spectrum. How-
ever, for the barium titanate microsphere in
acetone, an averaging time of 0.16 ms per veloci-
ty sample allows resolution of the instantaneous
velocity with a signal-to-noise ratio of ~14 dB.
Figure 3C shows the resulting velocity distribu-
tion (vrms = 0.174 mm/s), as well as that of the
velocity noise (vrms = 34 mm/s) measured without
a bead in the trap but with the same detection
power. The velocity distribution is within the ex-
perimental uncertainty of the predicted Maxwell-
Boltzmann distribution (vrms = 0.180 mm/s). The
histograms were calculated from 2 million veloc-
ity points. The bin size in the velocity histogram
was chosen to match the root-mean-square mag-
nitude of the noise. Our measured distribution

corresponds to a mean kinetic energy 0.93 Eth, to
which the noise contributes 0.035 Eth. A shorter
averaging time would increase the fraction of
kinetic energy observed at the cost of a lower
signal-to-noise ratio.

Although the Ornstein-Uhlenbeckmodel pre-
dicts a thermal force with a white (single-sided)
power spectral density of SF th ¼ 4kBTgS (16),
addition of the Basset term results in a colored
component: SF th ¼ 4kBTgSð1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
wtf=2

p Þ (26).
We use the mechanical response corresponding
to our fit parameters to infer Fth(t) from our
recorded trajectories. A log-log plot of SF th with
its constant term subtracted reveals the

ffiffiffi
w

p
depen-

dence of the colored component (Fig. 4A). Color
in SF th necessarily implies a nondelta autocorre-
lation function, which we also can observe (Fig.
4B). Interestingly, the force is anticorrelated, dis-
playing a −3=2 power-law dependence over our
measurement range. Although Stokes damping
leads to a delta-correlated thermal force, consist-
ing of uncorrelated “kicks,” hydrodynamic cou-
pling effectively adds a negative tail to each kick,
which is represented by an additional term
−gskBT

ffiffiffiffiffiffiffiffiffiffiffi
tf=4p

p
t−3=2 in the force autocorrelation.

Measurement of the cross-correlation be-
tween the particle’s velocity and the nondeter-
ministic, thermal forceCvF th ðtÞ ≡ 〈vðtÞF thðt þ tÞ〉
reveals the causal interplay between the particle

10-16

10-15

10-14

10-13

10-12

103 104 105 106 107
0.0

0.2

0.4

0.6

0.8

1.0

-1.0 -0.5 0.0 0.5 1.0
10-5

10-4

10-3

10-2

10-1

1

BTG in acetone
Silica in water

(πτ
f
)-1

S
v(

f)
(m

2 s-2
/H

z)

(πτ
f
)-1

N
or

m
al

iz
ed

C
S

v(
f)

Frequency (Hz)

C

B

A

Signal
Noise
Theory

N
or

m
al

iz
ed

C
ou

nt
s

Velocity (mm/s)

Fig. 3. Analysis of velocity measurements
determined from observed Brownian trajec-
tories. (A) Double-logarithmic plot of the velocity
power spectral density (PSD) and (B) semilog-
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PSD for the same particles as in Fig. 2. The solid
blue and green lines correspond to the Ornstein-
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respond to the full hydrodynamic theory (26). The
dashed black line guides the eye to the asymptotic
approach toward unity. (C) The instantaneous-
velocity distribution for the barium titanate micro-
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of the velocity noise (red), both calculated with an
averaging time of 0.16 ms. The black line shows the
theoretical Maxwell Boltzmann distribution for a
temperature of 291 K.
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and the fluid (Fig. 4C). Unlike autocorrelation,
which by definition is time-symmetric, CvF thðtÞ
is different for positive and negative t. The ex-
istence of nonzero correlation between the ve-
locity and the thermal force exerted on the bead
at future times may seem counterintuitive. This
too is a consequence of the hydrodynamic in-
teractions. In the Ornstein-Uhlenbeck model it
is exactly zero for t > 0; the velocity contains no
information about future thermal force. Nonzero
correlation for positive t does not violate cau-
sality, however. The thermal force of the future is
correlated to the thermal force of the past (Fig. 4B),
and the velocity is correlated to the thermal force
of the past, resulting in nonzero correlation be-
tween velocity and the future force (27).

Pushing the limits of detection has allowed us
to resolve the trajectory in velocity space of
Brownian particles in liquid, which, in typical
experiments, is normally obscured by noise or
concealed by averaging. Our measurements con-
firm a Maxwell-Boltzmann probability distribu-
tion for the velocity with the particle mass
replaced by an effective mass that accounts for
the inertia of the displaced liquid. Our observa-
tions agree with the predicted effects of hydro-
dynamic interactions on Brownian dynamics,
including a faster-than-exponential decay of the

VACF and correlations in time of the random
thermal force. Our techniques will find broad
applications in the study of non-Newtonian fluids
(28), effects of hydrodynamic interactions in con-
fined geometries (29), and nonequilibrium statis-
tical mechanics (30, 31).
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Quantum Plasmon Resonances
Controlled by Molecular
Tunnel Junctions
Shu Fen Tan,1 Lin Wu,2 Joel K.W. Yang,3,4 Ping Bai,*2 Michel Bosman,*3 Christian A. Nijhuis*1,3,5,6

Quantum tunneling between two plasmonic resonators links nonlinear quantum optics with terahertz
nanoelectronics. We describe the direct observation of and control over quantum plasmon resonances
at length scales in the range 0.4 to 1.3 nanometers across molecular tunnel junctions made of two
plasmonic resonators bridged by self-assembled monolayers (SAMs). The tunnel barrier width and
height are controlled by the properties of the molecules. Using electron energy-loss spectroscopy,
we directly observe a plasmon mode, the tunneling charge transfer plasmon, whose frequency (ranging
from 140 to 245 terahertz) is dependent on the molecules bridging the gaps.

Quantum mechanical effects in plasmonic
structures are believed to become im-
portant when two plasmonic resonators
are placed so closely that electrons can

tunnel across the gap (1–11). Direct experimental
access to the resulting tunneling charge transfer
plasmon (tCTP) mode is expected to open up new
opportunities in, for instance, nanoscale opto-
electronics, single-molecule sensing, and nonlinear
optics (1). Experimental and theoretical studies
so far have concluded that quantum mechan-
ical effects are important only at length scales
below 0.3 to 0.5 nm, close to the bond length of
gold and silver (8–11). Such structures are tech-
nologically inaccessible; therefore, it is impor-
tant to demonstrate the tCTP mode across gaps
larger than a nanometer that can be fabricated

by state-of-the-art fabrication techniques (10).
Unlike past works that investigated tunneling
through a vacuum (12), we placed molecules in
the gap because tunneling rates across mole-
cules depend on the molecular structure and are
much higher than across a vacuum. This ap-
proach made it possible to directly observe and
control tCTPs experimentally in tunneling gaps
up to at least 1.3 nm, depending on the type of
molecules bridging the gap, and to move quan-
tum plasmonics into the size domain that is ac-
cessible via bottom-up or top-down fabrication
methods (10).

Quantum effects have been observed only in-
directly as shifts in the bonding dipolar resonance
plasmonmode (1, 9, 11).Our aimwas to perform
an experiment in which the presence of a tun-

neling barrier can be directly imaged while the
tCTP mode is simultaneously measured spectro-
scopically by introducing two experimental in-
novations: The cross-sectional area of the tunnel
junction was increased from a few nm2 to rough-
ly 103 nm2, and the tunneling rate across the
nanogapswas increased by tunneling throughmol-
ecules rather than vacuum.

Cuboidal silver nanoparticles were used (13),
separated by SAMs with thicknesses of 0.5 to
0.6 nm forming metal-SAM-metal junctions
through self-assembly (Fig. 1). The facets of the
nanoparticles are atomically flat, which results
in a very large cross-sectional area of around
103 nm2, maximizing the number of tunneling
events across the junctions. The silver nano-
particles were functionalized with either satu-
rated, aliphatic 1,2-ethanedithiolates (EDT) or
aromatic 1,4-benzenedithiolates (BDT) (14). The
lengths of EDT and BDT are similar, but they
have very different HOMO (highest occupied
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