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PHYSICS

Observation of super-ballistic Brownian motion

in liquid

Jason Boynewicz*t, Michael C. Thumannt, Mark G. Raizen

Brownian motion is a foundational physical process characterized by a mean squared displacement that scales
linearly in time in thermal equilibrium, known as diffusion. At short times, the mean squared displacement be-
comes ballistic, scaling as t2. This effect was predicted by Einstein in 1907 and recently observed experimentally.
We report that this picture is only true on average; by conditioning specific initial velocities, we predict theoreti-

Copyright © 2026 The
Authors, some rights
reserved; exclusive
licensee American
Association for the
Advancement of
Science. No claim to
original U.S.
Government Works.
Distributed under a
Creative Commons
Attribution License 4.0
(CCBY).

cally and confirm by experiment that the mean squared displacement becomes super-ballistic, with a power scal-
ing law of t°/2. This result is due to the colored noise of incompressible fluids, resulting in a nonzero first moment
for the thermal force when conditioned on nonzero initial velocities. These results are a step toward the unravel-

ing of nonequilibrium dynamics of fluids.

INTRODUCTION

Brownian motion lies at the intersection of fluid mechanics, molecular
dynamics, and statistical physics. Historically, the work of Einstein,
Smoluchowski, Sutherland, and Perrin proved the atomistic hypothe-
sis of matter (1-4). The key insight of these early works was the role of
a stochastic force generating the thermal motion (5). Since then, mod-
els that describe these stochastic forces have evolved to account for
inertial, viscoelastic, and even compressible effects (6-9). While these
models have proven very successful experimentally, experiments have
focused on equilibrium correlation functions or overdamped dynam-
ics. With experimental access to the velocity of a spherical Brownian
particle in a Newtonian fluid, we examine the stochastic forcing char-
acteristic to hydrodynamic non-Markovian Brownian motion. By
preferentially selecting moments from equilibrium in which the par-
ticle velocity is close to zero, we diminish the deterministic forcing
terms, allowing fluctuation to temporarily dominate dissipation. We
treat this study as a lens into the fluctuation-dissipation correspon-
dence and view conditioning as a study on nonequilibrium dynamics
for an inertial Brownian particle in a Newtonian fluid.

The invention of optical tweezers by Arthur Ashkin has allowed the
trapping and tracking of mesoscopic particles subject to substantial
thermal fluctuations (10). Advances in back focal plane interferometry
(11, 12) have permitted the tracking of a Brownian microsphere well
below its momentum relaxation time (13, 14). These advances have al-
lowed measurement of the transition to ballistic motion (15), the
Maxwell-Boltzmann distribution in both gas and liquid (16, 17), and
the effect of hydrodynamic memory on Brownian motion (18, 19). The
result has been experimental confirmation of the equilibrium correla-
tion functions and mean squared displacement (MSD) for a Brownian
particle in an incompressible fluid.

In addition to these equilibrium short-time studies, researchers
have used mesoscopic systems in fluids to test nonequilibrium re-
sults and stochastic thermodynamics (20-22). Nevertheless, these
mesoscopic experiments in dense fluids occur exclusively in the
overdamped regime, where there is no access to the velocity degree
of freedom. Levitated nanoparticle experiments have been success-
ful in probing inertial nonequilibrium phenomena in Markovian
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environments (23, 24). In a gas, the small ratio between the density
of the fluid p; and the density of the Brownian particle p leads to an
apparent white-noise forcing term and the familiar Langevin equa-
tion. For a spherical particle of mass m and radius a suspended
in a fluid with viscosity n and held with trap strength K, the one-
dimensional dynamics are governed by

mi(t) = —yx(t) — Kx(t) + R(t) (1)

Yy =6man, T,=

=3

2

(ROR(t')) = 2kg Ty (t—1") (3)
When the two densities become more comparable in a liquid, the
inertia of the fluid generates an extra contribution to the force ex-
erted on the particle by the fluid, which involves the history of the
particle. By the fluctuation-dissipation theorem (25), the stochastic
forcing term gains a colored component (7). Under the assumption
of no-slip boundary conditions, these considerations yield the hy-
drodynamic generalized Langevin equation (GLE) of the form

t
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The Basset-Boussinesq force and colored hydrodynamic mem-
ory can be seen in the transition region between diffusive and bal-
listic motion (13, 18) as well as the algebraic decay of the velocity
autocorrelation function (VACF) (26-28). While the transition be-
tween diffusive and ballistic regimes is altered by the hydrodynamic
memory and colored noise, the free-particle asymptotic expressions
in equilibrium are equivalent to the forcing case of white noise except
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for the addition of the added mass. With the included harmonic
confinement, both MSDs tend to a stationary constant value.

The correlation functions are built by averaging every trajectory
measured from the experimental time trace of the particle. Different
correlation functions can be built by averaging only specific trajecto-
ries with specific initial positions and velocities. For example, by con-
ditioning the particle to begin at rest and in the center of the trap, a
super-ballistic #* scaling of the MSD was shown for a Brownian parti-
cle trapped in air (29). This > dependence can be understood as the
result of acceleration from the delta-correlated stochastic force acting
on the particle. At short times, the damping force and harmonic trap
force are expected to be small because the particle starts at rest and in
the center of the trap. Thus, for short times, the motion of the particle
is governed by the differential equation

mk = R(t) )

which implies that the particle undergoes a free inertial process for
some short time (30). Under the assumption of white noise, solving
this differential equation gives a MSD of

kyT
MSD[#] ~ %B—t
m’cp

®)

which matches the theory and experimental results shown in (29).
The same differential equation can be solved with the hydrodynam-
ic colored-noise correlation function. Doing so yields a leading-
order approximate MSD of

kg T T
MSD[¢] ~ 3—2,/—%5/2
3M1:P 5 T

Then, the presence of the colored noise term would alter the as-
ymptotic form of the MSD in comparison to the white-noise case. A
more complete description can be obtained by expanding the VACF
for a particle initialized with zero velocity, found in (31). Expanding
to second order gives

9

2hT (12 [
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It is worth noting that the above expression is close to the results
derived for the fractional Langevin equation for less singular mem-
ory kernels except with p = 1 (32, 33). For physically relevant visco-
elastic models, the short time scaling is still set by £>. It is only when
considering the fluid inertial contribution that the asymptotic pow-
er law scaling is changed. Furthermore, in the limit of small p;, we
recover the same t* scaling demonstrated for a Brownian particle in
air. Thus, by conditioning the initial velocity of the Brownian parti-
cle to be zero, the short-time behavior of the particle is determined
by the correlation of the thermal noise, and an asymptotic t*/2 super-
ballistic scaling of the MSD is expected. Furthermore, a similar ¢>/2
term appears as a correction factor to the MSD of a Brownian par-
ticle in a shear flow (31). This correspondence makes sense, as the
shear flow carries the free inertial effects into the long time limit (34).
In an analogous way, we expect that the removal of the obscuring
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ballistic motion of the initial velocity should reveal the color of the
thermal force on the short time MSD.

RESULTS
Using a custom-built high-powered balanced photodetector and
split beam detection pioneered in (13), we track the position of a
barium titanate microsphere (diameter, 6.8 & 0.2 pm) optically
trapped in acetone well below its momentum relaxation time. A
schematic of the experimental setup can be seen in Fig. 1. With an
eighth-order finite difference, we estimate the velocity of the particle
close to its true instantaneous velocity. We find moments in time
when the velocity is less than 1% of the experimentally measured
velocity SD. We then average the ensemble of sub-traces beginning
at these moments to build an MSD with an initial velocity close to
0. The result can be seen in Fig. 2. We find that the experimental curve
converges with Eq. 10 at short times, demonstrating the short-time
MSD scaling enforced by the thermal force correlation function.
Note that, because the velocity is calculated via a finite differencing
scheme, the first data point is set by the magnitude of the condi-
tioned velocity and the laser noise of the system. The full theoretical
curve is derived by analyzing the problem in the Laplace domain.
Solving the hydrodynamic GLE in the Laplace domain (31, 35-37)
as opposed to the Fourier domain enables the inclusion of initial
conditions for v(0) and x(0) and affords limited tools to deal with
the history’s effect on future dynamics (38). In the following analy-
sis, we allow for an arbitrary initial velocity and set x(0) = 0 for
simplicity. We separate the Basset-Boussinesq force at t = 0 and
integrate the history term by parts to obtain

_y\/E J (1)
i 0o Vv

(12)

———dt—Kx(t)+R(t)
t_

The history integral’s boundary term cancels with an initial
condition term in the Laplace domain, and the remaining integral
is left as the history effect, which we refer to as the history force.
We introduce B(f) as the Green’s function of the system and find
the solution for x(t) as a function of v(0), the thermal force, and
history force

t 0
Tf ’ X(T)

t) = Mv(0)B(t — | B(t—t —d

x(t)=Mw(0) ()H‘/“J ( )_L o

t (13)

+ JB(t—t')R(t’)dt'

0

dt’

When squaring Eq. 13 to find the MSD, we get terms that involve
correlations between the thermal force and history force condi-
tioned on a specific initial velocity. Assuming joint Gaussianity im-
plies that these conditional correlations can be calculated with
knowledge of the system’s full covariance matrix (39). While the
conditioned history force can be estimated via the particle’s equilib-
rium VACE, we are left to find an expression for (R(¢)v(0)). We start
from the hydrodynamic GLE of a free particle
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A

Fig. 1. Short time Brownian motion detection scheme. (A) Diagram of optical trapping and detection setup. Counterpropagating beams are focused through a micro-
fluidic chamber forming an optical tweezer and trapping the particle. The outcoming infrared beam is recollimated and split spatially with a D-shaped cut mirror. Each half
of the beam is sent to a port on a balanced photodetector which monitors the particle’s position. (B) Close-up of the microfluidic chamber with z-shaped channel and
focused beam passing through. (C) Time trace data with time on the vertical and position on the horizontal axis. Two points are chosen that fall within the conditioning
tolerance around 0 velocity and +1 SD of the velocity, respectively. Overlaid on these initial points are subtraces of other parts of the time trace that fall within the same

tolerance along orange lines indicating 1 SD from the mean trajectory.

. T¢ T¢ [
My(t)=—yv(t)—yv(0) v A Vi J

Tfj 1.}(t/) /
/= | —Ldt +R(t)
T ‘/t—t,

—V(t ) dt’
2t —1)*?
(14)

Following the analysis presented in (40, 41), we multiply each
side of Eq. 14 by v(0), take an average over equilibrium conditions,
and perform a Laplace transform. This yields the result

0

) v(O)v (¢t
C,(s) = fi(s)q kg T+ L] (R()v(0)) + % J ﬁdﬂ

(15)

where £ denotes the Laplace transform, C,, is the VACE, and fi(s) is
the admittance of the system. As a consequence of the fluctuation-
dissipation theorem (25), it follows that

C\(s) = ks T(S) (16)
Accordingly, from Egs. 15 and 16, we find
0
_ T <V(0)" (') > /
(R(V(0)) = —Y\/;J Wdt (17)

Equation 17 is a consequence of the fluctuation-dissipation theo-
rem and holds in equilibrium. It defines the covariance between the
particle’s history and future thermal force. An analogous expression
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has been shown in (42) for the GLE with velocity instead of accelera-
tion appearing in the memory kernel and matches the early formula-
tions of GLEs by Kubo. Additionally, in a harmonic trap, correlations
between the thermal force and position yield

0
") x(0
(R()x(0)) = —y\/g | {)x)

2t—1)"?

Thus, the covariance matrix and conditioned expectation val-
ues for the velocity, position, history force, and thermal force can
be calculated.

We find that the conditioned MSD can be expressed in terms of
only the equilibrium thermal force correlation and the initial condi-
tions, x(0) and v(0) (see the Supplementary Materials). The MSD for
a particle beginning at the center of the trap is

(18)

t t
MSD[t] = M*v(0)*B(t)* + J B(t-7) J B(t—t')(R(0)R(t') Ydt'dr

0 0
(19)

Analogous to (31, 43), the thermal force integral can be solved in
the Laplace domain, yielding an analytic expression for the condi-
tioned MSD.

To compare with experimental data, we identify the velocity of our
particle by a ratio with the experimentally accessible velocity SD and
then compare to the corresponding ratio from the theoretical Maxwell-
Boltzmann distribution. Our experimental velocity SD is 98% of the
theoretical one, with a signal-to-noise ratio (SNR) of 12 dB. Then, we
select any moment in time when our particle has a velocity within 1%
of the experimental velocity SD from the desired initial condition. To
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Fig. 2. MSDs for a Brownian particle for specific initial velocities. (A) MSD built from trajectories with the particle beginning close to rest. The orange circles are ex-
perimental data points. The solid black line is the hydrodynamic theory. The blue dashed line corresponds to Eq. 10. The green dotted line is the t°/2 scaling term, which
the experimental data collapses onto at short times. The dot-dashed line corresponds to the MSD found with the same velocity conditioning and no particle in the trap.
(B) MSD curves for three different initial velocities. The blue squares, orange diamonds, and green circles refer to initial velocities of 0.5, 1, and 2 times the velocity SD, re-
spectively. The black lines are the theory. Error bars for both graphs are calculated using the method outlined in the Supplementary Materials.

obtain better statistics, we leave the position degree of freedom ther-
mally distributed. Traces beginning at these times then form the en-
semble from which we calculate the experimental MSD curve. A
comparison of these experimental MSDs with their theoretic counter-
parts can be seen in Fig. 2. The strong agreement between the two in-
dicates a correct analysis of the interplay between the nonequilibrium
thermal force and history terms.

Analysis of the mean trajectory provides an even stronger test for
the cross-correlation. When the initial velocity is predetermined, the
terms in Eq. 13 involving the initial velocity become deterministic,
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yielding a nonzero mean trajectory of our Brownian sphere. We can
write this mean trajectory as

t 0
(x(t)) = Mv(0)B(t) + J.B(t—t’) (R(¢") [v(0)) + J

0 —00

(v(©)[v(0)) /
—Z(t’ o7 dr |dt
(20)

Due to Eq. 17, however, the two terms in the integral cancel pre-
cisely (see the Supplementary Materials), yielding a simple form for the
mean trajectory of
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(x(t)) = Mv(0)B(t) (21)

We can access this mean trajectory experimentally by conditioning
in an identical manner. Experimental results with curves for Eq. 21
can be seen in Fig. 3. While limited statistics yield larger uncer-
tainties at longer times, the experimental data appear to agree well
with the theoretical curves. Therefore, we see that, when our initial
velocity is well-defined, the thermal force acquires a nonzero mean
value that decays back to zero. Furthermore, this nonzero mean directly
cancels the remaining history term as a consequence of the fluctuation-
dissipation theorem.

It is clear that the fluctuations grow fast around the mean. To de-
scribe these fluctuations, note that they are governed by the terms re-
maining in Eq. 19 when the deterministic terms are removed. Therefore,
when selecting for specific initial velocity and position, we expect

t t

()= (x()*) = JB(t—'r) J B(t—t'){R(R(t') )dt'dz (22)

0 0

Thus, the fluctuations should only depend on the equilibrium cor-
relation function of R(¢).

To get better statistics, we condition only over the initial velocity
of the particle, so we also expect fluctuations due to the initial posi-
tion. However, the thermal forcing should still dominate at short
times. Because we expect the fluctuations to only depend on the
equilibrium form of R(f), the temporal growth of these fluctuations
around the mean trajectory should look identical to the zero velocity
super-ballistic MSD from Fig. 2 (32). As seen in Fig. 3, by averaging
the fluctuations around the mean trajectory for three different initial
speeds, all three collapse onto the zero velocity curve. Then, to with-
in experimental uncertainties, we see that the fluctuations around
the mean value are equivalent to forcings by a stochastic force with
statistics identical to the equilibrium thermal force. Note that the
true thermal force does not take its equilibrium value. Rather, the
nonequilibrium component of the thermal force is exactly canceled
by the nonequilibrium state of the Basset force. A summary of this
analysis is provided by an effective GLE for equilibrium particle dy-
namics with a set initial velocity. For a given initial velocity v(0), the
future dynamics of a free particle are modeled by

Mi(t) = —yw(t) - Y\/%J ")

s V-t

IO | R - Kx(t)

e

dt’

(23)

where R 4(t) is an effective thermal force that has equilibrium cor-
relation properties defined in Eq. 5. Note that this form matches the
equation presented in (35, 44). Here, we have shown how this initial
value representation can be directly derived from the equilibrium
and infinite past representation and demonstrated its experimental
validity through both the mean trajectory and fluctuational analysis.
Furthermore, the Langevin condition (R (t)v(0)) = 0 is recovered
similarly to the analysis for GLEs shown in (40, 44) and in line with
the original formulation of the fluctuation-dissipation theorem and
initial value representation of GLEs (25). As in Kubo’s original work,
the Langevin condition only holds for this effective thermal force;
the true thermal force is dependent on v(0). As observed in (42, 45),
there is no violation of causality; the past thermal force influences
v(0) dynamically and R(#) is correlated with its own past, so v(0) and
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R(t) are correlated as well. Note the boundary term is still necessary
to accurately model the future dynamics.

In Fig. 3, we also plot the distribution of the fluctuations for a
singular initial velocity. Because these fluctuations are driven pri-
marily by the thermal force at short times, they offer an opportunity
to probe thermal force statistics beyond the second moment. If the
thermal force is Gaussian, then the mean trajectory and the second
moment set by the fluctuations would completely determine our
trajectories’ statistics. However, recent theoretical works argue that
the thermal force may not be Gaussian (46, 47). For this single ve-
locity, there are not enough statistics to see much of the tails.

To improve the statistics, we divide all velocities lying within 1 SD
of the mean into bins with widths of 2% of the experimental velocity
SD. A limit of 1 SD is chosen, as to ensure enough statistics to ac-
curately estimate the mean trajectory. We then find the fluctuations
around the mean trajectory for each bin. The histogram of all fluc-
tuations 7.5 ps after the initial point is shown in Fig. 4. The observed
fluctuations around the mean follow a Gaussian distribution well,
although a much finer temporal resolution may still find deviations.
We find an SD that is 97% of the value predicted by our super-ballistic
theory. Therefore, the Gaussian assumption for the thermal force
distribution is valid for the timescales of interest.

The presence of the hydrodynamic colored noise raises the short
time MSD from ¢* for a Brownian particle driven by white noise to
t°/2. Therefore, we see increased transport in the hydrodynamic case at
short times in comparison to a purely white-noise description. At lon-
ger times, the presence of the Basset-Boussinesq force slows down
transport, so the hydrodynamic and white-noise MSDs cross at some
crossing time t, as seen in Fig. 5. However, when we take thermal ini-
tial conditions for our velocity, the short time scaling of the MSD is
dominated by the initial velocity of the particle, and we see no occur-
rence of a crossing time. To explore this behavior, we find ¢, as a func-
tion of the initial velocity. As seen in Fig. 5, the crossing time is a
decreasing function of initial velocity. This decreasing behavior con-
tinues until some critical velocity, where now the initial velocity ob-
scures acceleration from the colored thermal force. The crossing-time
analysis separates two qualitatively different short-time regimes. For
small initial velocities, increased transport from the colored noise can
temporarily dominate transport. For larger initial velocities, decreased
transport from the Basset term is the dominant hydrodynamic effect.

DISCUSSION

A natural consequence of this work regards the definition of equilib-
rium in systems with large fluctuations. All the data presented in this
study were taken in equilibrium, in the sense that the time averaged
quantities for the system match equilibrium predictions. Neverthe-
less, by modifying how the averaging is done, we find ensembles of
trajectories where the microsphere does not have its equilibrium
properties. This allows direct observation of relaxation back to equi-
librium with no changes to the physical apparatus. We can use data
collected in equilibrium situations to study nonequilibrium process-
es. The nonequilibrium states that we have access to are limited both
by practical and fundamental limits. Practically, we can only probe
so far into the distributional tails with a realistic amount of data col-
lection time. Fundamentally, in these non-Markovian systems, we
see the state of the fluid and the state of the particle are strongly
correlated, so, in equilibrium, defining the particle’s initial statistics
also defines the fluid’s, and we cannot easily decouple them.
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Fig. 3. Analysis of mean and fluctuations around the mean trajectories for the Brownian particle. (A) Fluctuations around the mean trajectory for three different
initial velocities. The blue squares, orange diamonds, and green circles correspond to initial velocities with squared values O.S(v2 ), (v2 ), and 2<v2 ), respectively. The black
line is the full theory and the red dashed line is the short time expansion from Eq. 10. (B) Trajectories for the Brownian particle with initial velocity squared of(v2 ) The
black line is the mean trajectory, and the gray dashed lines are individual trajectories. (C) Mean trajectory for different initial velocities. The blue squares, orange diamonds,
and green circles correspond to initial velocities with squared values of 0.5{v? ), {v?), and 2(v?), respectively. Solid lines are the theory from Eq. 20. Error bars for (A) and
(C) are calculated using the method outlined in the Supplementary Materials. (D) Distribution of fluctuations around the mean trajectory for an initial velocity squared of
(v2 ).The orange squares are for a time of 75 ps and the blue circles for a time of 7.5 ps. Black lines are Gaussian curves with SD set by the zero velocity MSD.
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Fig. 4. Histogram for fluctuations around the mean trajectory. Built from initial velocities between —1 and 1 velocity SD. The variations are taken 7.5 ps after the start-
ing trajectory. The variation at these short times is caused by the thermal force and, therefore, is a good test for its finer stochastic properties. We find an SD that is 97% of
the value predicted by the theory, which could result from the density uncertainty of the sphere or finite differencing effects on the fractal-like time series.
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Fig. 5. Comparison of white-noise and hydrodynamic Langevin equations. (A) MSDs for hydrodynamic and white-noise Langevin equations with different initial
conditions. The hydrodynamic curves are blue, while the white-noise curves are orange. The solid lines are MSDs taken with thermal initial conditions, while the dashed
lines assume an initial velocity of 0. (B) Crossing times as a function of initial velocity. The solid black line is the crossing of the two analytic curves. The orange circles are
the experimental times when a crossing occurs. The vertical error bars are set by the time step between data points. The horizontal error bars are set by the width of the
velocity bins used in the analysis.
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Nevertheless, this conditioning method demonstrates the im-
portance of the non-Markovian interactions between the particle
and the fluid. Conservation laws in incompressible fluids, gov-
erned by Navier-Stokes, demand increased fluctuations and the
t3/2 scaling at short times. Of course, the existence of the crossing
time ¢, for the zero initial velocity trajectories also indicates that
this enhanced stochasticity is transient; eventually, the memory of
the fluid conserves more information about the particle’s past than
the additional thermal force destroys. Last, the analysis of the his-
tory term and experimental confirmation of the effective GLE
demonstrates the coupling of the fluid-particle system and verifies
a theoretical tool for future analysis.

MATERIALS AND METHODS
Figure 1 shows a simplified schematic of our experiment. We trap a
barium titanate microsphere (p = 4200 + 200 kg/m®) in acetone
(1 = 0.32 mPas, p; = 790 kg/m’) at a temperature of 293 K with two
counterpropagating laser beams forming an optical tweezer. The two
beams (1064 nm, 300 mW; and 485 nm, 200 mW) are focused by
two oil immersion microscope objectives through a homebuilt micro-
fluidic flow cell. The flow cell is constructed by cutting a channel into
parafilm and placing this channel between two glass cover-slips. The
cover-slips are then placed in a laminating sheet with optical access
windows cut out and capillary tubes attached. This system is sealed by
lamination and fluid is introduced through the capillary tubes.

The thermal motion of the microsphere is resolved by spatially halv-
ing the recollimated infrared laser light, which carries information

about the particle position in its antisymmetric component (14). The
difference in power in the two halves of the beam varies linearly with
the microsphere position in the vicinity of the trap’s center and is
measured using a custom high-power split beam detector. The cus-
tom detector is modeled off the original high-powered detector used
to resolve the Maxwell Boltzmann distribution of a particle (17). Af-
ter losses through the trap, we have ~50 mW of laser power to apply
to each photodiode. The output voltage of the detector is measured
on a 16-bit digitization card, taking 2°* samples at 200 MSamples/s.
The bandwidth of the measurement is limited by the laser’s noise,
which sets the time resolution of the trace to 750 ns.

The detector has a built-in high-pass filter on its transimpedance
stage to prevent saturation of the electronics by low-frequency noise
and Brownian motion. In past experiments, the low frequency noise
has been overcome by manually whitening the PSD of the particle
(48) or high-pass filtering the data and only looking at the high-
frequency ballistic motion (14). However, because we are interested
in time traces from short times up through equilibration, we mea-
sure the response of this filter and then invert its effects on our ex-
perimental data with a Tikhonov regularization scheme to limit the
effects from the low frequency electronic noise floor.

We calibrate the experimental voltage time trace by performing a
log-spaced least-squares fit to the equilibrium hydrodynamic MSD
from six independent traces, each of length 111,848, as shown in Fig. 6.
We fit the experimental MSD for the particle diameter, the trap
strength, and the voltage to position detector calibration factor. The
mass is assumed to be equal to 4 /3 na® ( p+ps/ 2) to account for the
added mass. This analysis yields values for the particle diameter, trap
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Fig. 6. Experimental MSD for trapped Brownian particle. MSD built by averaging displacements starting from every point in the time trace. The orange dots are the
experimental data points. The black line is a fit to the equilibrium MSD from (37), and the blue dot-dashed line is the MSD from the system with no sphere trapped. The fit
is performed up to 1.2 ms to limit the impact of low frequency noise and regularization scheme. The error bars are calculated using the blocking method outlined in (49).

Boynewicz et al., Sci. Adv. 12, eaeb4579 (2026) 4 February 2026

80of10

9202 ‘20 Arenice uo 610°90us 1I0s" MMM/ SA1Y WoJ) papeouUMod



SCIENCE ADVANCES | RESEARCH ARTICLE

strength, and detector calibration coefficient of 6.8 + 0.2 pm, 78 +
4 uN/m, and 29 + 1 mV/nm, respectively. To further reduce the ef-
fects of low frequency noise and the regularization procedure, we fit
the MSD up to a maximum time of 1.2 ms. The reported uncertain-
ties correspond to the uncertainty between the six fits. We apply an
eighth-order finite differencing scheme to our position traces, result-
ing in a velocity variance that is 98% of the value of the associated
Maxwell-Boltzmann distribution with an SNR of 12 dB. We therefore
resolve much of the velocity correlation of the Brownian particle.

To determine the theoretical crossing times, we use our analytic
solution for the conditional hydrodynamic MSD and compare it to an
analytic solution of the white-noise Langevin equation (see the Sup-
plementary Materials). The crossing time is the intersection of these
two curves. For the experimental results, we generate an interpolated
function from the experimental MSD curve using the scipy.inter-
polate.interpld() function. We then numerically determine when
this interpolated function crosses paths with the white-noise solu-
tion. While throughout we have been focusing on the effect of Basset
force and colored thermal noise, the hydrodynamics also renormalizes
the mass of the particle leading to the so-called added mass effect.
Therefore, we subtract the added mass off the experimentally deter-
mined mass when calculating the white-noise curves. Note while this
modifies the mass of the particle, we still initialize both the white-noise
model and the hydrodynamic model with same velocity with v? / {vZ)
set by the effective mass (the bare mass of the particle plus the added
mass from the surrounding fluid). Note for nonzero velocity, the lead-
ing order term will always go like 2, and at short enough times the
motion will behave ballistically. At these experimentally inaccessible
times, we can have another crossing time where the hydrodynamic
curve crosses the white-noise curve. We restrict our attention to the
experimentally accessible final crossing time.

Supplementary Materials
This PDF file includes:
Supplementary Text
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